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Abstract—This paper studies traffic-aware deployment for gen-
eralized pinching-antenna systems from a network-level perspec-
tive. Different from existing works that optimize antenna positions
for specific instantaneous users, we aim to adapt generalized
pinching antenna deployment to long-term spatial traffic distri-
butions. To this end, the user traffic over the service region is
modeled by a Gaussian-mixture hotspot distribution, and a traffic-
weighted network-average signal-to-noise ratio (SNR) metric is
adopted. Under a grid-based formulation, we derive the average-
SNR expression and show that the resulting non-convex optimiza-
tion problem decomposes into independent scalar subproblems
across waveguides. Furthermore, by analyzing the hotspot-induced
structure of the objective, we show that each component is
unimodal and use this property to develop a candidate-based
global optimization algorithm with low complexity. Numerical
results verify that the proposed method matches exhaustive search
while requiring much lower computational cost, and consistently
outperforms benchmark schemes based on projected gradient,
hotspot-center placement, and fixed antennas.

Index Terms—Generalized pinching antenna, network-average
SNR maximization, traffic-aware deployment

I. INTRODUCTION

Generalized pinching-antenna systems have recently at-
tracted growing attention as a promising flexible-antenna ar-
chitecture for future wireless networks [1], [2]. By enabling
the radiation point to move along a guided medium, such as
a dielectric waveguide, a leaky coaxial cable, or other wave-
guiding structures, generalized pinching-antenna systems offer
a new spatial degree of freedom beyond conventional fixed-
aperture arrays, thereby facilitating dynamic adaptation of the
radiating position to the communication environment [3], [4].

This spatial reconfigurability has stimulated a rapidly grow-
ing literature on generalized pinching-antenna systems. In the
context of dielectric-waveguide implementations, several works
have examined the role of in-waveguide attenuation and shown,
for both LoS-dominant channels and probabilistic blockage
models, that its impact is often modest in practical operating
regimes [5], [6]. To combat the in-waveguide attenuation issue
in long waveguide-based system, a segmented waveguide-
enabled pinching-antenna system was proposed in [7]. On
the communication-design side, early studies considered rate-
oriented transmission for single-waveguide downlink systems

[8], while subsequent works expanded the scope to multiuser
and multi-waveguide architectures, where jointly designing
pinching-point locations and transmit strategies was shown
to improve spectral and/or energy efficiency [9]–[12]. User
multiplexing with pinching antennas has also been explored
through NOMA-based schemes [13]–[15]. Beyond conven-
tional communication objectives, pinching antennas have been
incorporated into emerging frameworks such as integrated sens-
ing and communication [16], [17]. More recently, their ability
to reshape line-of-sight (LoS) connectivity has also motivated
environment division multiple access, which further illustrates
the promise of pinching antennas for geometry-aware multiuser
transmission [18].

Despite this progress, the literature on generalized pinching
antennas remains largely focused on link-oriented optimization,
with antenna positions designed for specific user locations
or instantaneous channel conditions. While appropriate for
quasi-static settings, this approach is less suitable for practical
networks with dynamic user distributions, especially in wide-
area or hotspot-dominated environments. In such cases, the
objective shifts from optimizing individual links to enhancing
long-term spatial service quality [19]. This calls for a traffic-
aware regional design framework for generalized pinching-
antenna systems, in which antenna positions are adapted to
the spatial traffic distribution across the service region rather
than to individual users. This is especially relevant when user
activity is uneven and concentrated in dominant hotspots, such
as offices, meeting areas, production lines, or access corridors.

Motivated by the above observations, this paper inves-
tigates traffic-aware deployment optimization for dielectric-
waveguide-based pinching-antenna systems, an important re-
alization of the generalized pinching-antenna concept. The
spatial user distribution is modeled by a Gaussian-mixture
hotspot model, and the traffic-weighted network-average SNR
is adopted to emphasize high-demand regions. The problem is
challenging because the objective is non-concave and depends
nonlinearly on antenna positions under random LoS/NLoS
propagation. To address this challenge, we derive a closed-
form expression for the traffic-weighted average SNR under
a grid-based approximation and show that the objective is
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Fig. 1: Illustration of the considered geometry-aware pinching-antenna
systems with multiple hotspots and waveguides.

separable across waveguides, reducing the problem to indepen-
dent one-dimensional subproblems. Exploiting the Gaussian-
mixture structure, we further establish the unimodality of each
hotspot-induced component, which leads to a candidate-based
low-complexity global optimization method. Numerical results
show that the proposed method closely approaches exhaustive
search with far lower complexity and significantly outperforms
projected-gradient, hotspot-center, and fixed-antenna baselines.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider a downlink traffic-aware transmission setting based
on dielectric-waveguide pinching antennas. As illustrated in
Fig. 1, the service area is a rectangle of size Dx ×Dy , above
which N waveguides are installed at height dv . These waveg-
uides extend along the x-direction and are evenly distributed
along the y-axis. Let N = {1, . . . , N} denote the waveguide
set. The spacing between neighboring waveguides is chosen as
dh = Dy/(N − 1), so that the lateral position of waveguide n

is ỹn = (n − 1)dh − Dy

2 , n ∈ N Each waveguide equips
one pinching antenna. The location of the pinching antenna
on waveguide n is written as ψpin

n = [x̃n, ỹn, dv]
T, where

x̃n ∈ [0, Dx] is the controllable horizontal coordinate. The
deployment variables of all pinching antennas are collected
in x̃ = [x̃1, . . . , x̃N ]T. All waveguides are coordinated by a
common processor, which allows coherent transmission across
antennas.

For a specific user located at ψ = [x, y, 0]T with 0 ≤ x ≤
Dx and −Dy

2 ≤ y ≤ Dy

2 . Given antenna deployment x̃, the
channel vector from the N pinching antennas to the user can
be written as

h(ψ, x̃) =
[
h1(ψ, x̃), . . . , hN (ψ, x̃)

]T
. (1)

The maximum-ratio transmission scheme is applied, the instan-
taneous received SNR is given by

Γ(ψ, x̃) =
P

σ2

∥∥h(ψ, x̃)∥∥2
2
≜ ρ

∥∥h(ψ, x̃)∥∥2
2
, (2)

where P is the transmit power, σ2 is the noise power, and
ρ ≜ P/σ2.

A. Channel and Traffic Models
In this work, we model the channel from the nth pinching

antenna to the user as the sum of a distance-dependent LoS
term and an NLoS term with random LoS availability, namely,

hn(ψ, x̃) = ξnh
LoS
n (ψ, x̃) + hNLoS

n (ψ, x̃), (3)

where ξn ∈ {0, 1} is a Bernoulli random variable indicating
whether the LoS path exists. For a user at ψ = [x, y, 0]T,
define rn(ψ, x̃) ≜

√
(x− x̃n)2 + (y − ỹn)2 + d2v . Then, the

LoS channel is modeled as

hLoS
n (ψ, x̃) =

√
η e

−j
(

2π
λ rn(ψ,x̃)+ 2π

λg
x̃n

)
rn(ψ, x̃)

, (4)

where λ and λg denote the free-space wavelength and guided
wavelength, respectively, and η = λ2

16π2f2
c

is a free-space path
loss constant with fc denoting the working frequency.

The LoS existence probability is assumed to depend on the
propagation distance and is modeled as

Pr[ξn = 1] = pLoS
(
rn(ψ, x̃)

)
= e−βr2n(ψ,x̃), (5)

where β ≥ 0 is an environment-dependent blockage parameter.
The NLoS component is modeled as

hNLoS
n (ψ, x̃) ∼ CN

(
0,

µ2
n

r2n(ψ, x̃)

)
, (6)

where µ2
n denotes the average NLoS power coefficient.

To capture long-term spatial traffic heterogeneity, we model
the location of a typical scheduled user by a Gaussian-mixture
hotspot distribution [20]. Let U = [X,Y ]T denote the random
horizontal position of the scheduled user. Its probability density
function is given by

fU (x, y) =

L∑
ℓ=1

αℓN
(
[x, y]T;µℓ,Σℓ

)
, (7)

where L is the number of hotspots, αℓ ≥ 0 is the traffic weight
of hotspot ℓ with

∑L
ℓ=1 αℓ = 1, and µℓ and Σℓ are the mean

vector and covariance matrix of hotspot ℓ, respectively.

B. Traffic-Weighted Network-Average SNR
Given a deployment x̃, we first define the local average SNR

at location (x, y, 0) as

Γ̄(x, y; x̃) ≜ E
[
Γ(ψ, x̃)

∣∣ψ = [x, y, 0]T
]
, (8)

where the expectation is taken over the random LoS/NLoS
channel realization.

We adopt the traffic-weighted network-average SNR as the
network-level performance metric, i.e.,

Γ̄net(x̃) ≜
∫∫

Γ̄(x, y; x̃)fU (x, y) dxdy. (9)

This metric characterizes the long-term average SNR expe-
rienced by a typical active user whose position follows the
traffic map in (7). Hence, it emphasizes regions with high
traffic density and is well suited for traffic-aware network-level
pinching antenna deployment.



C. Grid-Based Approximation and Problem Formulation
To enable tractable optimization, the service region is dis-

cretized into Nh grids along the x-direction and Nv grids along
the y-direction. Let ∆x = Dx

Nh
,∆y =

Dy

Nv
denote the grid sizes.

The center of grid (u, v) is given by

xu =

(
u− 1

2

)
∆x, yv = −Dy

2
+

(
v − 1

2

)
∆y, (10)

for u = 1, . . . , Nh and v = 1, . . . , Nv . The corresponding
representative position is denoted by ψu,v = [xu, yv, 0]

T. The
traffic probability of grid (u, v) is approximated by

pu,v ≈ fU (xu, yv)∆x∆y, (11)

followed by normalization such that
∑Nh

u=1

∑Nv

v=1 pu,v = 1.
For grid (u, v), define the average SNR as Γ̄u,v(x̃) ≜

E[Γ(ψu,v, x̃)]. Then, the continuous metric in (9) is approx-
imated by

Γ̄net(x̃) ≈
Nh∑
u=1

Nv∑
v=1

pu,vΓ̄u,v(x̃). (12)

Accordingly, the traffic-aware network-level design problem
is formulated as

max
x̃

Nh∑
u=1

Nv∑
v=1

pu,vΓ̄u,v(x̃) (13a)

s.t. 0 ≤ x̃n ≤ Dx, ∀n ∈ N . (13b)

Problem (13a) is non-convex due to the coupled distance-
dependent channel terms and the traffic-weighted summation
over all grids. In the next section, we show that by exploiting
the structure of (12), the problem can be decomposed into inde-
pendent one-dimensional subproblems, which further enables a
candidate-based low-complexity global optimization method.

III. STRUCTURE ANALYSIS AND CANDIDATE-BASED
GLOBAL OPTIMIZATION

In this section, we first derive an explicit expression for the
traffic-weighted network-average SNR and reveal its separable
structure across waveguides. Then, by exploiting the Gaussian-
mixture traffic model, we further characterize the shape of each
hotspot-induced component and develop a candidate-based low-
complexity global optimization method.

A. Closed-Form Objective and Problem Decomposition
Recall that the instantaneous SNR at grid (u, v) is given by

Γu,v(x̃) = ρ

N∑
n=1

∣∣hn(ψu,v, x̃)
∣∣2. (14)

By averaging over the random LoS/NLoS channel realization,
we obtain the following result.

Lemma 1. For a given antenna deployment x̃, the average
SNR at grid (u, v) is

Γ̄u,v(x̃) = ρ

N∑
n=1

ηe−βr2n,u,v(x̃n) + µ2
n

r2n,u,v(x̃n)
, (15)

where rn,u,v(x̃n) ≜
√
(xu − x̃n)2 + (yv − ỹn)2 + d2v . Accord-

ingly, the traffic-weighted network-average SNR can be written
as

Γ̄net(x̃) = ρ

Nh∑
u=1

Nv∑
v=1

pu,v

N∑
n=1

ηe−βr2n,u,v(x̃n) + µ2
n

r2n,u,v(x̃n)
. (16)

Proof: The result follows by substituting the LoS/NLoS
channel model into the instantaneous SNR expression and
taking expectation over the Bernoulli LoS indicator and the
Gaussian NLoS fading. The detailed proof is presented in the
full version of this paper [21]. ■

Based on (16), the traffic-aware pinching-antenna deploy-
ment problem can be formulated as

max
x̃

Γ̄net(x̃) (17a)

s.t. 0 ≤ x̃n ≤ Dx, ∀n ∈ N . (17b)

Although problem (17a) is generally non-convex, its objec-
tive admits a favorable separable structure, as shown below.

Lemma 2. The objective in (17a) can be decomposed as

Γ̄net(x̃) =

N∑
n=1

fn(x̃n), (18)

where

fn(x̃n) ≜ ρ

Nh∑
u=1

Nv∑
v=1

pu,v
ηe−βr2n,u,v(x̃n) + µ2

n

r2n,u,v(x̃n)
. (19)

Hence, problem (17a) is equivalent to solving N independent
scalar subproblems

max
0≤x̃n≤Dx

fn(x̃n), ∀n ∈ N . (20)

Proof: The result follows directly by interchanging the order
of summation in (16). ■

Lemma 2 shows that the original N -dimensional deployment
problem reduces to N scalar maximization problems. However,
each fn(x̃n) is still non-concave in general, since it is a
weighted superposition of grid-dependent terms centered at
different traffic locations. Next, we exploit the hotspot structure
of the traffic model to further reveal the geometry of fn(x̃n).

B. Hotspot-Induced Structure
To expose the structure more clearly, we temporarily use the

continuous traffic model. For waveguide n, define

f̃n(x̃n) ≜
∫∫

D
Γ̄n(ξ, ζ; x̃n) fU (ξ, ζ) dξdζ, (21)

where D = [0, Dx]× [−Dy/2, Dy/2] and

Γ̄n(ξ, ζ; x̃n) ≜ ρ
ηe−βr2n(ξ,ζ;x̃n) + µ2

n

r2n(ξ, ζ; x̃n)
, (22)

with rn(ξ, ζ; x̃n) ≜
√
(ξ − x̃n)2 + (ζ − ỹn)2 + d2v . Substitut-

ing (7) into (21) yields

f̃n(x̃n) =

L∑
ℓ=1

αℓFn,ℓ(x̃n), (23)



where

Fn,ℓ(x̃n) ≜
∫∫

D
Γ̄n(ξ, ζ; x̃n)N

(
[ξ, ζ]T;µℓ,Σℓ

)
dξdζ. (24)

Hence, the per-waveguide objective is a traffic-weighted super-
position of hotspot-induced component functions.

Lemma 3. Assume that each hotspot is sufficiently away
from the service-region boundary so that truncation effects
are negligible. Then, for any waveguide n and hotspot ℓ, the
function Fn,ℓ(x̃n) is smooth and has a unique peak on [0, Dx],
attained at x̃n = µℓ,x, where µℓ,x is the horizontal center of
hotspot ℓ.

Proof: Since Γ̄n(ξ, ζ; x̃n) depends on x̃n only through (ξ−
x̃n)

2, averaging it over the Gaussian hotspot centered at µℓ, x
yields a function symmetric with respect to x̃n = µℓ,x. In
addition, the average SNR decreases with the squared distance,
which implies that Fn,ℓ(x̃n) is unimodal. The detailed proof is
omitted for brevity. ■

Lemma 3 implies that each hotspot pulls the optimal pinch-
ing antenna position toward its own horizontal center. There-
fore, multimodality of fn(x̃n) arises not from each component
individually, but from the superposition of multiple hotspot-
induced unimodal components.

C. Candidate-Based Global Optimization
We first study the two-hotspot case, which already captures

the essential interaction among hotspot-induced components
and directly motivates the candidate construction used in the
proposed algorithm.

1) Two-Hotspot Case: For L = 2, the per-waveguide objec-
tive can be written as

f̃n(x) = α1Fn,1(x) + α2Fn,2(x), (25)

where, without loss of generality, we assume that µ1,x < µ2,x.
By Lemma 3, each component Fn,ℓ(x) is smooth and unimodal,
and attains its unique maximum at x = µℓ,x. Then, we have

f̃ ′
n(µ1,x) > 0, f̃ ′

n(µ2,x) < 0. (26)

Therefore, there exists at least one stationary point in the
interval (µ1,x, µ2,x). The possible local profiles of f̃n(x) in
(µ1,x, µ2,x) are characterized as follows.

Proposition 1. Let µ1,x < µ2,x. Then, f̃n(x) must admit at
least one stationary point in the open interval (µ1,x, µ2,x).
Furthermore, the profile of f̃n(x) over this interval falls into
one of the following patterns:

1) Merged case: if there is exactly one stationary point in
(µ1,x, µ2,x), then it is a local maximum, so the two hotspot
contributions combine into a single peak between the two
hotspot centers.

2) Split case: if there are three stationary points in
(µ1,x, µ2,x), written as xL < xM < xR, then xL and
xR are local maxima and xM is a local minimum; hence
the objective exhibits two separated peaks.

Proof: Please see Appendix A. ■

TABLE I: Default simulation parameters.

Parameter Value
Carrier frequency (fc) 28 GHz
Communication-region size (Dx ×Dy) 60× 200 m2

Waveguide height (dv) 10 m
Transmit power (P ) 40 dBm
Noise power (σ2) −70 dBm
NLoS power (µ2) −60 dBm
Number of PAs / waveguides (N ) 6
Number of grids (Nh ×Nv) 400× 120
LoS blockage parameter (β) 0.01
Number of hotspots (L) 3

Proposition 1 indicates that, instead of exhaustively searching
over [0, Dx], it suffices to identify a small set of stationary
candidates and compare their objective values.

2) General Multi-Hotspot Case: For L > 2, the per-
waveguide objective remains

f̃n(x) =

L∑
ℓ=1

αℓFn,ℓ(x), (27)

where each Fn,ℓ(x) is unimodal with its maximum at x = µℓ,x.
Let µ(1),x ≤ · · · ≤ µ(L),x denote the sorted hotspot centers.
Then, the stationary-point search is restricted to the adjacent
intervals

(
µ(k),x, µ(k+1),x

)
, k = 1, . . . , L− 1.

In implementation, we apply this idea to the discrete surro-
gate fn(x) in (19). In particular, its derivative is

f ′
n(x) =2ρ

Nh∑
u=1

Nv∑
v=1

pu,v(xu − x)

×
ηe−βr2n,u,v(x)

(
βr2n,u,v(x) + 1

)
+ µ2

n

r4n,u,v(x)
. (28)

For each adjacent interval, coarse sampling is first used to
detect sign changes of f ′

n(x), and each bracketed root is
then refined by bisection. The stationary points corresponding
to a positive-to-negative derivative change, together with the
boundary points 0 and Dx, form the candidate set. The global
maximizer is finally obtained by evaluating fn(x) over this set.

Compared with dense exhaustive search over [0, Dx], the
proposed method only evaluates a small set of structurally
meaningful candidates. It therefore significantly reduces the
computational cost while preserving global optimality with
respect to the one-dimensional decomposed subproblems.

IV. SIMULATION RESULTS

This section evaluates the proposed traffic-aware pinching
antenna deployment method. Unless otherwise specified, the
simulation setup follows Table I. For each Monte Carlo trial,
the hotspot centers are independently generated within the
service area, the hotspot weights are randomly drawn and
normalized, and all hotspots share the covariance matrix Σ =
diag

(
(0.15Dx)

2, (0.2Dy)
2
)
. All results are averaged over 100

independent traffic realizations.
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Fig. 2: Traffic-weighted network average-SNR
performance comparison among the proposed
algorithm with two baselines.
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Fig. 4: Traffic-aware network average-SNR
comparisons between different schemes versus
the communication-region length Dx.

A. Optimality and Complexity of the Proposed Method

We first compare the proposed candidate-based method with
two references in Fig. 2: an exhaustive one-dimensional search
and a projected-gradient (PG) method. Owing to the separable
structure of the objective, all methods solve N independent
scalar subproblems. In the exhaustive benchmark, the interval
[0, Dx] is densely scanned with step size ∆x = λ/5. In the
proposed method, the interval is first coarsely partitioned to
identify sign changes of the derivative, and then each bracketed
stationary point is refined by bisection. For the PG scheme,
each scalar variable is iteratively updated using projected
gradient steps under a prescribed iteration budget. Fig. 2 shows
that the proposed method matches exhaustive search in traffic-
weighted network-average SNR over the tested range of N
for both P = 30 dBm and P = 40 dBm, confirming that it
finds the global optimum of the decomposed one-dimensional
subproblems in these experiments. By contrast, the PG method
consistently attains lower values, as the non-convex problem
may cause gradient-based iterations to converge to suboptimal
stationary points. Moreover, higher transmit power shifts all
curves upward, while more waveguides improve the network-
average SNR with diminishing gains.

Table II reports the average runtime of the considered
schemes. Several observations can be made. First, exhaustive
search has by far the highest runtime, since it evaluates the
objective over a dense set of search points and becomes even
slower when the search resolution is refined from ∆x = λ/5
to ∆x = λ/10. Second, the proposed algorithm is consistently
much faster than exhaustive search, because it only refines a
small number of structurally meaningful candidates rather than
scanning the entire interval. Third, PG has a runtime compa-
rable to the proposed method for a small iteration budget, but
its cost increases more noticeably when the maximum number
of iterations is enlarged. Overall, the results verify that the
proposed method achieves exhaustive-search-level performance
with a much lower computational burden.

B. Performance Gain over Representative Baselines

Next, we evaluate the network-level performance improve-
ment enabled by traffic-aware pinching-antenna deployment. In
Fig. 3, the proposed scheme is benchmarked against two ref-

TABLE II: Execution time (in seconds) of the considered
algorithms.

∆x = λ/5, J = 10, Kmax = 30
N = 2 N = 3 N = 4 N = 5 N = 6

Exhaustive 7.83 11.71 15.6 19.56 23.43
Proposed 0.034 0.048 0.059 0.073 0.089

PG 0.030 0.044 0.060 0.070 0.085
∆x = λ/10, J = 20, Kmax = 50

N = 2 N = 3 N = 4 N = 5 N = 6
Exhaustive 15.61 23.35 30.88 38.66 46.61
Proposed 0.033 0.049 0.064 0.077 0.098

PG 0.044 0.072 0.096 0.130 0.159

erence designs. The first is a hotspot-center rule, which places
each pinching antenna at the center of a hotspot and serves
as a simple traffic-informed placement strategy. The second is
a fixed-array baseline, where transmission is performed by a
conventional N -element half-wavelength-spaced array located
at x = Dx/2, corresponding to a non-reconfigurable and traffic-
agnostic architecture.

From Fig. 3, the proposed design consistently provides the
largest traffic-weighted network-average SNR for all tested val-
ues of N . This demonstrates the benefit of directly optimizing
the antenna positions with respect to the network-level objective
rather than relying on heuristic placement. The hotspot-center
rule performs better than the fixed benchmark, indicating that
incorporating traffic information is already beneficial even
without solving the optimization problem explicitly. However,
it still falls short of the proposed method because it is not
derived by optimizing the full traffic-weighted objective. The
fixed-array scheme performs worst, as its radiation locations
remain fixed and cannot adjust to the hotspot pattern.

Fig. 4 examines the effect of the service-region length Dx.
For all considered schemes, the network-average SNR drops
as Dx increases, since the propagation distances become larger
on average. Nevertheless, the proposed method remains the
best-performing design throughout the entire range of Dx,
which shows the robustness of traffic-aware pinching-antenna
optimization under different coverage sizes. The hotspot-center
baseline again outperforms the fixed-antenna benchmark, while
still remaining inferior to the proposed design. Moreover, the



advantage of reconfigurable pinching-antenna deployment over
the fixed benchmark becomes more pronounced for larger Dx,
suggesting that position flexibility is particularly valuable in
extended service regions.

V. CONCLUSION

This paper studied traffic-aware network-level deployment
for dielectric-waveguide-based generalized pinching-antenna
systems. By adopting a traffic-weighted network-average SNR
metric, we optimized the pinching-antenna positions according
to long-term spatial traffic statistics. We showed that the re-
sulting problem is separable across waveguides, which reduces
the original multi-variable optimization to independent one-
dimensional subproblems. By further exploiting the Gaussian-
mixture hotspot structure, we revealed the unimodality of each
hotspot-induced component and developed a candidate-based
low-complexity global optimization method. Simulation results
showed that the proposed design matches exhaustive-search
performance with much lower complexity and outperforms
projected-gradient, hotspot-center, and fixed-antenna baselines.
These results highlight the potential of traffic-aware pinching-
antenna deployment for improving long-term network-level
performance in spatially heterogeneous environments.

APPENDIX A
PROOF OF PROPOSITION 1

Recall from Lemma 3 that each component Fn,ℓ(x) is
differentiable and has a unique peak at x = µℓ,x. Hence, for
the two-hotspot case,

F ′
n,1(µ1,x) = 0, F ′

n,2(µ2,x) = 0, (29)

and, under µ1,x < µ2,x, the monotonicity of the two unimodal
functions further gives

F ′
n,2(µ1,x) > 0, F ′

n,1(µ2,x) < 0. (30)

Since f̃n(x) = α1Fn,1(x) + α2Fn,2(x), its derivative at the
two hotspot centers satisfies

f̃ ′
n(µ1,x)=α1F

′
n,1(µ1,x)+α2F

′
n,2(µ1,x)=α2F

′
n,2(µ1,x) > 0, (31)

f̃ ′
n(µ2,x)=α1F

′
n,1(µ2,x)+α2F

′
n,2(µ2,x)=α1F

′
n,1(µ2,x) < 0. (32)

Because f̃ ′
n(x) is continuous, there must exist at least one xb ∈

(µ1,x, µ2,x) such that f̃ ′
n(xb) = 0, which proves the existence

of an interior stationary point. We next distinguish the possible
local profiles.

If f̃n(x) has only one stationary point in (µ1,x, µ2,x), then
the derivative is positive near µ1,x and negative near µ2,x.
Therefore, this stationary point must correspond to a change of
f̃ ′
n(x) from positive to negative, and thus it is a local maximizer

by the first-derivative criterion. This is exactly the merged case.
If, instead, there are three stationary points in (µ1,x, µ2,x),

denoted by xL < xM < xR, then continuity implies that the
derivative sign alternates across consecutive roots. Combined
with f̃ ′

n(µ1,x) > 0 and f̃ ′
n(µ2,x) < 0, the sign pattern must be

+ → − at xL, − → + at xM , + → − at xR.

Hence, xL and xR are local maximizers, while xM is a local
minimizer. This corresponds to the split case. The proposition
is therefore proved. ■
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