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Abstract—In this work, a comparative study between three
fundamental entropic measures, differential entropy, quantum
Rényi entropy, and quantum collision entropy for a hybrid quan-
tum channel (HQC) was investigated, where hybrid quantum
noise (HQN) is characterized by both discrete and continuous
variables (CV) noise components. Using a Gaussian mixture
model (GMM) to statistically model the HQN, we construct as
well as visualize the corresponding pointwise entropic functions
in a given 3D probabilistic landscape. When integrated over
the relevant state space, these entropic surfaces yield values of
the respective global entropy. Through analytical and numeri-
cal evaluation, it is demonstrated that the differential entropy
approaches the quantum collision entropy under certain mixing
conditions, which aligns with the Rényi entropy for order oo = 2.
Within the HQC framework, the results establish a theoretical
and computational equivalence between these measures. This
provides a unified perspective on quantifying uncertainty in
hybrid quantum communication systems. Extending the analysis
to the operational domain of finite-key QKD, we demonstrated
that the same 10% approximation threshold corresponds to an
order-of-magnitude change in Eve’s success probability and a
measurable reduction in the secure key rate.

Index Terms—Quantum noise, qubits, classical additive white
Gaussian noise, Gaussian quantum channel, differential entropy,
Renyi entropy, Collision entropy.

I. INTRODUCTION

Quantum communication enables secure information transfer
through protocols such as quantum key distribution (quantum
key distribution (QKD)) and teleportation [1]. Real deploy-
ments often utilize hybrid quantum-—classical systems [2],
where the two layers interact continuously, creating challeng-
ing modeling and optimization problems for settings such as
free-space optics and satellite links [3], [4]. A key tool in
this context is quantum entropy, which captures uncertainty,
information flow, and correlations in these channels. Unlike
classical entropy over discrete events, quantum entropies are
defined on states that may be in superposition or entangled.
The standard choice is the von Neumann entropy S(p) =
—Tr(plog p) [5], [6], while Rényi and collision entropies tune
sensitivity to rare or dominant eigenvalues of p, supporting

tasks such as quantum state tomography [7].

Across practical quantum networks QKD, entanglement-
based links, and teleportation, entropic measures set secu-
rity and rate limits and diagnose noise. Differential entropy
addresses uncertainty in continuous-variable (CV) systems,
whereas Rényi entropies are pivotal to composable security
proofs. Accurate entropy models under real noise are needed
both to design protocols and to certify performance [8], [9]. A
broad literature compares these measures [10]: von Neumann
entropy remains the standard for mixedness and entangle-
ment; Rényi entropies (order «) generalize it and appear
in hypothesis testing and channel discrimination [11]; and
collision entropy (o = 2) tightens error bounds and quantifies
state overlaps [12]. Work on entropy power inequalities and
production in open systems, including dynamics under various
decoherence models [13], essentially treats discrete variables
(DV) and CV systems separately.

It is essential to note that hybrid quantum channels (HQCs)
[14] are highly integrated for practical quantum communi-
cation; they are not limited to satellite QKD, fiber-network
hybrids, or distributed quantum computing. However, the
entropic characterization of such practical use cases remains
fragmented due to the lack of a proper mathematical foun-
dation. Existing entropy measures, such as von Neumann or
Rényi entropies, are typically derived for idealized noise mod-
els, which include pure Gaussian or discrete Pauli channels.
Moreover, in practical application scenarios, these models are
inadequate in comprehending the interplay of mixed noise
sources (e.g., thermal, phase diffusion, and discretization ar-
tifacts) [15]. Therefore, it is challenging to determine the
performance limits of protocols like QKD, quantum error
correction, and secrecy estimation in a hybrid noise-aided
quantum communication system. Hence, to address this, we
statistically model hybrid noise using Gaussian mixture mod-
els (GMMs), which naturally model discrete-continuous corre-
lations and rigorously analyze differential, Rényi, and collision
entropies across this entire landscape. Our research com-



prehensively demonstrates certain equivalences and insights

into how these entropies behave and converge under hybrid

conditions, thus carefully laying the groundwork for entropy-
based performance and security analysis in next-generation
quantum communication systems.

This research work improves the theoretical and practical
insight of entropy in HQCs through the following key contri-
butions:

« We present a unified entropy framework for HQCs incorpo-
rating both discrete and continuous variable noise effects.
Modeling hybrid noise using GMMs captures the joint
influence of quantum decoherence and classical distortion
in realistic systems such as satellite-based QKD and hybrid
repeaters.

« We provide analytical and numerical studies supported by
3D visualizations of differential, Rényi (o« = 2), and colli-
sion entropies for HQNs, revealing their structural behavior
and demonstrating the asymptotic equivalence between dif-
ferential and collision entropy under specific hybrid noise
conditions.

e We extend the entropy framework to finite-key QKD,
demonstrating that maintaining entropy estimation errors
within a ten percent threshold is crucial for accurate key rate
prediction and composable secrecy, thereby establishing the
operational relevance of entropy-based analysis for hybrid
quantum communication.

Our research advancements lay the groundwork for a the-
oretical foundation in entropy-based security assessment and
resource optimization in hybrid quantum communication net-
works, with potential applications in QKD, quantum sensing,
and heterogeneous quantum networking infrastructures.

Notation, In this research work, we use tr(-) and T(-)
to denote the trace of a matrix and Trace-preserving map,
respectively. For a matrix A, At and A’ represent the adjoint
and transpose, respectively. We denote the complex conjugate
of a vector v by using v*, and the tensor product is denoted
by ®. We represent the Gaussian density by . For a quantum
state 1, ket and bra are denoted by |v¢) and (1p|, respectively.

II. SYSTEM MODEL

A qubit is written as |¢p) = «|0) + B|1) with o, 3 €
C and |af? + |8 = 21. Its pure-state density matrix is

af? a8
> oipil;) (;| with >°.p; = 1 [5]. The von Neumann
entropy S(p) = —Tr(plog p) tracks purity; relative entropy
and mutual information quantify distinguishability and total
correlations. Noise is modeled by a quantum channel A, a
CPTP map with Kraus operators Ej: N(p) = >, EkaJr
[11]. One can also view it through a system—environment
unitary, p — trg[U(p® py)U']. Information carried through
the channel is captured by I(p; ), defined via a supremum
of relative entropies over extremal decompositions; a standard
communication pipeline applies encoding 7/, channel action
a’, and decoding &’ to map classical inputs to outputs [16]. For
Gaussian channels, the covariance updates as ~y — AT~A +
Z, where A models amplification, attenuation, or rotation in
phase space, and Z adds noise [17].

. Mixed states use p =

A. Qubit Model

In quantum mechanics, a pure-state qubit can be represented
as a point on the Bloch sphere with coordinates (6, ¢),
represented by a bivariate function ((6, ¢). Under the pres-
ence of noise, small fluctuations act mostly on 6. However,
¢ remains nearly constant, leading to transformation like
(0,9) — (0,6 £ §). For mixed states, there is an additional
radial coordinate 7 contributing to the characterization as
(0,¢,r), by a multivariate function {(6, ¢, 7). Noise causes
small shifts of ¢ and r with variations é; and J» handled as
the same for simplicity. For the sake of less complexity, the
qubits’ motion is approximated by a rotation along a circular
or spiral path to facilitate the use of a single scalar variable
6 for describing the noise-affected behavior in terms of one-
dimensional randomness that captures the essential probabilis-
tic characteristics at the reduced computational overhead [2].
The hybrid quantum noise Z is modeled as the sum of
quantum Poissonian noise Z(1) and additive-white-Gaussian
noise (AWGN) Z2), such that
Z=2zW 42, (1)
where the Poissonian noise Zlil
function (p.m.f.) [18]
fzo(G) =< j,A ; je{0,1,2,...}. (2

and the classical AWGN Z(?) is Gaussian-distributed with
mean [iz) and variance 02(2). The convoluted probability
density function (p.d.f.) represents the hybrid noise Z affecting
the quantum channel.

B. Quantum Entropies of Hybrid Quantum Noise Model

The HQN can be represented as [2], [19], [4], [8], [6], [15],

) follows the probability mass

A >0,
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where w; are the mixture weights (such that Zil w; ~ 1),and
N(z; p;, %;) is the Gaussian p.d.f.. The p.d.f. of noise in
higher dimensions can be represented using a Gaussian mix-
ture model defined over a random vector z € R as

Zw N(z sz)’ Egz)), 4)

where w; = % represents the weightage of the Gaussian
mixtures, z is the random vector in R%, d denotes the di-
mension of the vector z, ul(-z is the mean vector, El(-z is the
covariance matrix of the corresponding Gaussian density N,
and the multivariate Gaussian is given by

Nz i, 5) =
1
(2m) 42|12
With this formulation (5) of HQN as a weighted multivariate

Gaussian sum, it is now possible to compute information-
theoretic measures such as differential entropy. The differential
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entropy of Z, with p.d.f. fz(z), over this support xz, is

defined as
H(Z)=E[-log fz(z)] = — fz(z)log fz(z)dz (6)
Xz

This is the most widely used entropic measure in quan-
tum information theory, specifically for quantifying mutual
information between a transmitter and receiver in quantum
communication systems. Alongside differential entropy, many
other meaningful quantum entropy measures include von
Neumann entropy, Rényi entropy, and Unified entropy, as
discussed within [16]. For « — 1, Rényi entropy converges
to differential entropy for HQN [20]. This leads towards the
collision entropic measure of HQN.
The a-order quantum Rényi entropy of HQN is given by

H.(Z i - log/fz(z)o‘ dz, 7

where 0 < a < 00, @ # 1, and « is a non-negative parameter
that characterizes the entropy.

The equivalence of collision entropy (also known as Rényi
entropy of order 2) and differential entropy for HQN’s density
function is generally not exact due to fundamental differences
in their definitions. However, there are significant relationships
between them. The Collision Entropy (Rényi entropy of order
2) of HQN is given by

Hy(fz) = —log / f2(2)dz

R 2
_1og/<ZwiN(z;ui,Ei)) dz (8)
i=1

where fz(z) is the p.d.f. of the HQN given in (4). Expanding

fz(2)?, -
— <szN Z; /Lz, 4 ) ij Z; :u’ja )

i=1
R R
Zwa] (25 0y, Zi)N (23 1y, 25). 9)
—1j=1

1j=
Now, we compute the integral

I:/fz(z)de
/ZZ“’“’J z; i, 3i)N (2 pj, 35)dz

i=1 j=1
= ZZw w; /J\/ (2; 1y, 2i)N (z; 5, 2j)dz. (10)
The 1ntegzrai i)f 1two Gaussians gives [21],
/N(Z§Ni72 IN (2115, 35) dz = N (p; pj, i + 35),

an
where the right-hand side is a Gaussian evaluated at p; under
the distribution N (g, 3; + X;), which simplifies to

(=3 (=) (24 25) 7 (1 —nsy)

12
2m)25, - 5,1 (12)
Thus, the integral simplifies to
R R (_%(.u'i_”j)T(2i+Ej)71(“i_Mj))
1= wuw;” (13)

(271’)‘1/2‘27; + Ej|1/2

Taking the logarithm gives
Hy(Z)

—log Z Z WiWj

i=1 j=1

(3 (=) T (Zi432)) " (i —p))

(2m) 2[5, + 33,172

(14)

The term |2, +X;|*/2 controls the spread of the mixture com-
ponents. In contrast, the term (=2 (=) T (Bit 35) 7 (i =)
represents the similarity between components if p; and p; are
close, the exponent is close to 1; if they are far apart, it decays
exponentially. The sum over all 7,5 accounts for intra- and
inter-component interactions. For well-separated components,
that is, when the components are far apart, the dominant terms
come from ¢ = j, simplifying the summation structure.

The HQN consists of a well-separated GMM [6], where the
components are far apart relative to their covariances. Under
certain conditions, collision and differential entropy expres-
sions become asymptotically equivalent. For well-separated
Gaussian components (i # j), the integral is exponentially
small, meaning the dominant terms arise from the self-overlap
terms (2 = j),

2
I'~ Zwl 271' d/2|2 |1/2 (15)
Thus, the collision entropy of HQN s1mp11ﬁes to
—log Z w; (16)

d/2|2 /2

C. Asymptotic Equivalence of Collision Entropy and Differ-
ential Entropy for HON

For well-separated components A/, the dominant contribution

to fz(z)log fz(z) comes from within each Gaussian compo-

nent R R
i= i=1

where H () is the differential entropy function. The detailed
explanation of this approximation is shown in the Appendix.
Since for a Gaussian H(N;) = £log(2me) + 3
we obtain

a7

R
1
Zwl< log(2me) + 2log|2i|)—2wilogwi
i=1

~ g log(2me) + H(w), (18)

where H(w) = —Zf’:l w; logw; is the discrete Shannon
entropy of the mixture weights, Zf;l w; = 1 and X; = 1.

Since > w? is related to the effective number of compo-
nents (denoted as Reg) [6], [19], we approximate 21111 w? ~
ﬁ. Thus

d
Hy(Z) ~ 510g(27r). (19)

A detailed overview of this approximation is given in the
Appendix. Similarly,

d
H(Z) ~ N log(2me) + log Rest,

(20)

glog(%re) + H(w) =



The Hybrid Quantum Noise (HQN) PDF in 3D
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The Differential Quantum Entropic Function for HQN

The Quantum Rényi Entropic Function for HQN (a =2)
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1: (a) 3D representation of Hybrid Quantum Noise modeled using GMM, (b) 3D representation of the differential entropic function

associated with HQN, (c) 3D representation of the quantum Rényi entropic function of HQN.

The Quantum Collision Entropic Function for HQN
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Fig. 2: (a) 3D representation of the quantum collision entropic function of HQN, (b) Relative error between H(Z) —
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Hy(Z) = logy Rei +

g log, e and its approximation log, Res versus effective rank Resr for d = 2. The red dashed line marks the 10% error threshold where the

approximation is accurate, (c) Comparison of H(Z)

— H»(Z) with its approximation log, Res for varying Res at d = 2. The approximation

approaches the exact value as R increases, confirming its validity in high-rank regimes.

using the approximation H (w) ~ log R, as ), w; logw; <
log (Z 2) — log Resr. Now comparing (19) with (20), the

difference d
H(Z) — H2(Z) = logy Refr + §log2 e. 21
For large R, this shows that
H(Z) =~ H2(Z) + 1ogy Ref. (22)

Hence, differential entropy is typically preferred over colli-
sion entropy in quantum communication due to its sensitivity
to system changes and disturbances within the system. Differ-
ential entropy yields higher values than collision entropy, mea-
suring a broader range of statistical uncertainty. Additionally,
it considers the maximized disturbance to the quantum system
and a superior selection of measures when accounting for
information loss, noise, or decoherence in continuous-variable
quantum systems.

ITI. APPLICATION IN QKD ESTIMATION
A finite-size Gaussian-modulated CV-QKD protocol with re-
verse reconciliation is considered, showing how the collision
entropy enters the finite-key bound [8]; the 10% threshold
is used as a conservative illustrative stress-test due to the

exponential sensitivity of finite-key security to entropy errors,
while R is chosen to resolve the effective noise rank (en-
suring entropy saturation) and the Poisson parameter governs
noise complexity and entropy variation [19]. Therefore, a
10% approximation error in the conditional collision entropy
Hy(X|E) has significant implications for finite-regime QKD,
as it directly affects both the estimated Eve’s success proba-
bility and the secure key length. In finite-key security analysis,
Eve’s optimal success probability satisfies

Peuce(Eve) < 27 H2(XIE), (23)
If the estimated entropy Ho = (1+6)Hs deviates by a relative
error 4§, the ratio between the estimated and true bounds
becomes psucc(ﬁQ) A

psucc(H2)

Hence, a 10% underestimation (§ = —0.1) with Hy = 100
bits yields a degradation factor of 2!°~ 102, loosening Eve’s
bound by three orders of magnitude. For key extraction, the
Leftover Hash Lemma bounds the secret key length as

1
¢ < H5*(X|E) — leakgc — 2log, <2€> , (25
PA

where A = §H». (24)

)
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Fig. 3: Finite-regime entropy approximation for secure key rate Ry
under different block size N for true H(Z) and 10% underestimated
Hy(Z).
where €, and epa are smoothing and privacy amplification
parameters. Denoting the total penalty by II, the true margin
is m = Hy — II. Incorporating entropy error gives

Eest - gtrue =A= 5H2;
and the relative deviation becomes

Zest - gtrue o 6H2

gtrue H 2~ g

When m is small, as in finite-size regimes, even a 10% error
can nullify the key (Yo < 0) or falsely enhance security. Con-
sequently, maintaining the approximation error of Hy(X|E)
within 10% ensures composable secrecy and accurate finite-
key rate estimation.

IV. NUMERICAL ANALYSIS

(26)

27)

In numerical analysis, the quantum entropic function is eval-
vated over the quadrature space, where the p and ¢ axes
represent phase-space coordinates of the quantum state. The
conjugate quadratures p and g describe the quantum state of
a harmonic oscillator in the CV regime and are used to char-
acterize quantum optical modes such as coherent, squeezed,
and Gaussian states for information encoding. In quantum
optics, the annihilation and creation operators relate to the

position and momentum operators as § = %(& +al), p=
; \/5(& — al), satisfying the canonical commutation relation
[4,p] = i. Hence, a quantum state can be represented by

its density distribution over the (g, p) plane. In CV quantum
computation, information is encoded in quadrature amplitudes
rather than discrete basis states [1]. The 3D plot thus visualizes
entropy variations across phase-space configurations, revealing
the structure and spread of quantum uncertainty.

We numerically analyze this HQN model, visualizing its
probabilistic and entropic structure using GMMs over the p, g
quadrature space. In Fig. 1 (a), the 3D representation catches
the HQN density distribution, combining discrete Poissonian
noise with continuous-variable Gaussian noise, a characteristic
of hybrid quantum communication systems. These quadratures
relate the position and momentum operators within quantum
continuous-variable regimes to create an entropy-evaluation
phase-space basis. We utilize various quantum entropic func-
tions on the density distribution to quantify uncertainty. Fig. 1

(b) presents a differential entropic function of this kind, and its
surface depicts the pointwise entropy contributions all across
that p,q domain. It yields its integral from the entire total
differential entropy, thereby reflecting the complete uncertainty
within the system given hybrid noise. Fig.1 (c) illustrates a
3D representation of the quantum Rényi entropic function of
HQN for the generalization of the uncertainty of the quantum
channel. This portrayal illustrates how the entropic landscape
evolves under second-order conditions for Rényi entropy,
providing a broad perspective on the information content and
distinguishability within quantum states subjected to hybrid
noise.

Fig. 2(a) shows the collision entropic function of HQN,
illustrating the degree of state overlap and indistinguishability.
Using the HQN model based on GMM, the measure captures
the impact of hybrid noise on the robustness and separability
of quantum states within phase space. Beyond asymptotic
conditions, collision entropy plays a crucial role in finite-key
QKD, where statistical fluctuations from limited data must be
considered. It provides a more conservative and experimentally
verifiable bound than Shannon entropy, which represents a
typical-case scenario. Fig. 2(b) presents the relative error be-
tween the exact and approximate difference of differential and
collision entropies, H(Z)— H2(Z) and logs Refr, respectively,
as a function of the effective rank Rey. The red dashed
line marks the 10% relative error threshold that defines the
approximation accuracy. This validates the theoretical relation
derived in (21), showing that H(Z)~ H(Z) + logy Regr. As
R increases, the additive correction term glog2 e becomes
negligible, and the approximation H(Z) =2 log, Rer becomes
tighter. Fig. 2(c) compares H(Z) — Hs(Z) with log, Refr
for d = 2, demonstrating convergence of the empirical
results to the theoretical approximation as Reg grows. These
results confirm the validity of the entropy estimation model
H(Z) — Hy(Z) ~ logy Regr and quantify the error bounds
and convergence behavior of entropy approximations in hybrid
quantum systems.

Fig. 3 extends the analysis by quantifying how approxi-
mation inaccuracies in H(Z) ~ H2(Z) + log, Reg influence
finite-key QKD performance. In Fig. 3, the secure key rate
Ry is plotted against the block size N for both the exact
differential entropy and its 10% underestimated collision-
entropy approximation. The results clearly show that even
small entropy deviations cause significant degradation in Ry
for short block sizes, emphasizing the importance of maintain-
ing precise entropy estimation in finite-sample regimes. As N
increases, the two curves converge, validating the asymptotic
equivalence derived in (22).

This also impacts computational efficiency in quantum com-
munication protocols, including QKD and quantum sensing,
for which entropy estimation in resource-constrained settings,
and in real-time, is critical. These tested assumptions yield
straightforward safety gauges, keeping strong theories, and
measured applications within detailed quantum systems.

V. CONCLUSION
This work investigated the relationship between the quantum
Rényi entropy of order 2 and differential entropy within
the framework of effective rank and dimensionality. Through



an analysis of the asymptotic behavior of their difference
H(Z) — Hy(Z), we demonstrated that the approximation
H(Z) ~ Hy(Z) + logy Rerr becomes increasingly accurate
as the effective rank grows, with the additive correction term
glogQG becoming negligible in size. This finding provides
a valuable guide for estimating entropy in mixed, high-
dimensional quantum states, supporting the use of simpler
entropic forms in large-scale quantum systems. The QKD
analysis further revealed that maintaining entropy estimation
errors within a ten percent threshold is critical for preserving
accurate secure key rates and composable secrecy in finite-
size regimes. Overall, our analysis links operational entropy
measures with structural features in quantum states, offering a
scalable perspective for applications in quantum information
processing, learning-based quantum models, and thermody-

namic inference.
V1. APPENDIX

A. Approx. Differential Entropy of HON

When the Gaussian components are well-separated, their over-
laps are negligible. So, at most points z, only one N;(z)
dominates fz(z). This motivates the approximation,

fz(2)10g fz(2 sz

where N;(z) = N (z; p;, Ei) is the ith Gaussian component.
Then the differential entropy becomes approximately,

H(Z)= —/fz(z) log fz(z) dz

z)log(wiNi(z))  (28)

R
<=3 / Ni(2) log(wi; (2)) dz

= —iwi [Ingi/M(Z)dZ+/M(z) log N;(z)dz

R R
= —Zwilogwi —t—ZwiH N,
i=1 i=1
(29)
Hence, H(Z) ~ ZR LT wiH(WNG) — ZR , w; log w; The term
S w; H(N;) is the weighted average of component entropies,

and — > w;logw,; is the entropy of the discrete weight
distribution (Poisson). These ensure an well approximation for

lpwi — pjl| > /tr(X; + %) for all i # j, and in low-overlap
GMMs.

B. Approx. Collision Entropy of HON
The collision entropy of HQN

Hy(f) long

d/2|2 EE
d 25 | —1/2
=3 log(2m) — log;wi 3] . (30)

Since log is concave, and utilizing Jensen’s inequality,

log { Y wi|S| 71/ =10g(Isz[|Ei|*1/2])

wellog (20 7/2)) = - w?log (12:7/2) . 3D)

This is exact when all |%;| are equal, and in our case ; = I,
is the identity matrix of order d [2], [6], [19], [4], [8]. So,

Hy(f) =~
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