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Abstract—With the imminent arrival of 6G communication,
the relevance of advanced technologies, such as multi-input
multi-output (MIMO), non-orthogonal multiple access (NOMA),
reconfigurable intelligent surfaces (RIS), and integrated sensing
and communication (ISAC), has become prominent for plethora
of Internet of Things (IoT) applications. However, integrating
ISAC into a MIMO heterogeneous network (HetNets) necessitates
reevaluating network performance in terms of outage probability
and ergodic rates. This paper introduces a novel analytical frame-
work for evaluating downlink transmissions in MIMO HetNets.
The proposed framework considers independent homogeneous
Poisson point processes (PPP) for spatial arrangement of the
NOMA-enabled base stations (BSs) and users. BS in the t-
th tier exploits superimposed NOMA signal for target sensing.
Active RISs are considered to be distributed with homogeneous
PPP and are used to mitigate blockage for UEs when the
direct link from the BSs does not exist. The approximated and
asymptotic outage probability expressions are derived for two
distinct scenarios: one involving direct transmission from the
BS to the typical blocked user and the other entailing trans-
mission via active RIS. Moreover, a practical case of imperfect
successive interference cancellation (i-SIC) is considered. The
analysis emphasizes the benefits of the proposed active RIS-
NOMA compared to conventional orthogonal multiple access
HetNets, and valuable insights are drawn by varying the number
of RIS elements. Additionally, an increase in the RIS elements
significantly improves the proposed active RIS-NOMA outage
performance. The approximated expressions of ergodic rates,
system throughput and beampattern for the sensing performance
are also derived.
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I. INTRODUCTION

The emergence of Internet of Things (IoT) heralds a
future where devices will autonomously communicate with
each other, minimizing the need for direct human interaction
[1]. This paradigm shift enables a multitude of applications,
spanning smart cities [2], the Internet of Vehicles [3], and
healthcare [4], and others. Leveraging cellular networks for
IoT communications offers numerous advantages, facilitating
a diverse array of IoT services. In the pursuit of meeting such
escalating demand and accommodating the continuous surge in
traffic, 6G wireless network architectures incorporate enabling
technologies such as heterogeneous networks (HetNets), and
multiple-input multiple-output (MIMO) [5]. To cope with the
rapid growth in traffic, HetNets combines low-density high-
power macro base stations (MBS) with denser low-power
small base stations (SBS). However, the presence of severe
co-tier and cross-tier interference poses challenges to practical
deployment, resulting in a lower network throughput despite
the spatial spectrum reuse gain utilized by HetNets to enhance
network spectral efficiency [6].

Due to the unparalleled sensing demands inherent in forth-
coming wireless networks, there is a discernible trend towards
achieving the integration of wireless communication with radio
sensing. Identifying a cost-effective and operationally viable
solution within the existing network architecture constitutes
a fundamental and pragmatic concern in the collaborative
design of joint sensing and communication (S&C) [7]. Com-
munication utilizes radio waves to transmit signals from a
sender to a receiver, while sensing leverages radio frequency
echoes scattered by a target. The analysis of these echoes
involves extracting target parameters (e.g., target location,
velocity, and size) using methods for example multiple sig-
nal classification and matched filtering, as well as learning-
based approaches [8]. An achievable option involves making
marginal modifications to the radio resource allocation within
the existing communication system to support sensing capabil-
ities [9]. Efficiently multiplexing signals from communication
and sensing capacities to achieve harmony and compatibility
relies on specifically adopted resource allocation strategies
[10]. One such approach involves adjustments to allocate
dedicated sensing signals in the time and frequency domains.
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This results in the use of orthogonal resource multiplexing
when combined with communication signals. [11] considered
using NOMA to overlay S&C signals. In this scenario, the
communication receiver utilizes prior information of the sens-
ing signal and employs successive interference cancellation
(SIC) at the receiver. This approach, termed integrated S&C
(ISAC) by NOMA, complements the traditional orthogonal
ISAC scheme. The fundamental concept behind ISAC is
to enable both S&C seamlessly through a unified hardware
architecture. This concept is motivated by the fact that S&C
have the same principles, particularly reliance on radio waves.
An interference management strategy was proposed in [11]
to effectively tackle the complexities associated with the
simultaneous reuse of communication and sensing resources,
thereby minimizing the necessity of substantial changes to
the existing communication systems. One approach involves
concurrently executing communication and sensing operations
within a wireless communication system by delivering the
S&C signals onto the same resource block simultaneously.

A. Related works

Reconfigurable intelligent surfaces (RIS)-enabled wireless
communications have garnered considerable interest, as illus-
trated in the works in [12]–[14]. The authors in [15] studied the
channel characteristics within networks assisted by RIS. This
evaluation involved the categorization of the space illuminated
by the RIS. In [16], the authors introduced methodologies for
maximizing energy efficiency with reduced complexity. These
methodologies involves a joint design of transmit power and
the configuration of phase shifts for the reflecting elements.
In [17], the optimization of resource allocation for spectrally
efficient RIS full-duplex was formulated under the framework
of NOMA. [18] investigated performance of a full-duplex
system employing Nakagami-m fading models. This system
featured a full-duplex transceiver communicating for downlink
and uplink, utilizing two separate RISs.

The outage probability and symbol error rate in wireless
communications aided by RIS over Rayleigh fading chan-
nels were developed in [19]. Analyzing coverage probabil-
ity performance under Nakagami-m channel conditions, [20]
explored the moment generation functions for RIS-enabled
systems. To assess the effect of line-of-sight (LoS) link,
[21], [22] studied the outage probability, ergodic rate, and
average symbol error of RIS-enabled networks over Rician
fading. Beyond these contributions, [23] highlighted various
application scenarios, including RIS implementation in simul-
taneous wireless information and power transfer. Two-way
communications between users assisted by RIS, accounting
for reciprocal or non-reciprocal channels, were evaluated in
[24]. To address security concerns, [25] used the stochastic
geometry to study average secrecy capacity and secrecy outage
behaviours in RIS-aided networks.

A thorough review on integration of RISs and NOMA was
provided in [26]. RIS-assisted NOMA networks have primarily
revolved around performance analyses, as evidenced in works
such as [27]–[29]. In [27], a straightforward design for the
RIS-assisted NOMA was studied, demonstrating that the use of

an increased amount of RIS elements reduces outage probabil-
ity. [28] explored outage probability and ergodic rate of RIS-
assisted NOMA networks considering both perfect and imper-
fect SIC. [29] studied the effect of coherent phase shifting
on outage performance in RIS-NOMA networks. Advancing
further, [30] studied the outage probability and ergodic rate for
users in RIS-NOMA, achieved through the design of passive
beamforming weights. NOMA with RIS was proposed in [31],
aiming to maximize fairness among users. [32] investigated
error probability and phase shift architecture for RIS-aided
NOMA networks using imperfect SIC and group-based SIC
schemes. Examining the outage characteristics in NOMA-
assisted RIS with discrete phase shifting, [33] characterized
scenarios based on a direct connection between the BS and
users. For RIS-assisted NOMA and OMA, [34] investigated
user rates to meet transmit power minimization challenges
with discrete phases. Furthermore, [35] investigated the perfor-
mance of RIS-supported NOMA networks, demonstrating the
superior performance of RIS compared to full-duplex decode-
and-forward (DF) relaying. In addition, [36] optimized the
active and passive beamforming jointly at the BS and the RIS,
respectively, to maximise the sum rate. In [37], the RIS-aided
two-cell NOMA networks is considered, while [38] delved into
phase shifting and power allocation, leveraging joint detection
techniques.

The primary advantages of NOMA ISAC, encompassing re-
source efficiency, extensive compatibility, and flexibility, were
demonstrated in [39]. The authors in [39] also analyzed the
principal challenges associated with NOMA-ISAC uplink and
downlink aspects. Research has been carried out for certain
NOMA-ISAC techniques, such as spectrum allocation [40],
sensing signal splitting and beamforming [41], and echo pre-
diction [10]. These investigations assess the S&C capabilities
utilizing information theory and estimation theory metrics. In
contrast to the research above, [42] and [43] proposed an ISAC
framework based on mutual information analysis. Introducing
sensing mutual information as a potential criterion for sensing
performance, the proposed framework establishes a universal
lower bound on the estimation-theoretic metrics [43]. This
approach offers a potential to streamline joint performance
analysis and serves a consistent comprehension of ISAC. The
works [39]–[43] are based on the passive RIS. However, the
RIS can operate in both passive and active mode by adding
a low-power amplifier to each reflecting element. Active RIS
has received significant attention from academia and indus-
try. Active RIS optimizes system capacity by adjusting the
phase and amplitude of reflected signals [44]. In [44], the
authors introduced a metasurface constructed using amplifiers
that regulate electromagnetic waves in frequency and space
domains. In [45], the multiplicative fading induced by passive
RIS was alleviated by sacrificing power consumption on the
active reflection element. Active RIS, while considerably more
expensive than passive RIS due to its low-power amplifier, is
still more affordable than other repeaters, such as amplify-
and-forward (AF) and decode-and-forward (DF) relays. In
[46], the author demonstrated that active RIS can convert
passive RIS’s double-fading path loss to additive form. Active
RIS’s subconnected topology allows independent regulation
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for every element’s phase shift [47]. Numerous studies have
focused on RIS-aided ISAC as highlighted in [48] and [49].
Generally, two primary scenarios have been investigated for
the RIS-aided ISAC system [50]. In the first scenario, direct
BS-target links are utilized for sensing, with the RIS enhancing
communication capabilities [51]–[53]. For instance, To reduce
the transmit power of the base station in the presence of
interference caused by the RIS, [51] jointly designed the
active and passive beamforming matrices. Additionally, [52]
addressed time sharing between S&C features and optimized
the RIS phase shift, considering the sensing time. In the second
scenario, the RIS is utilized to create a virtual link between
the target and the base station, enhancing its advantages,
especially in improving radar detection performance. Two
main sensing performance metrics were considered in this
context. By optimizing the beampattern at the target, the
studies in [50], [54] ensured that the target received more
focused signals for better sensing. In [55] and [56] sensors
are installed in RIS for sensing. By utilizing the sensors to
carry out the sensing task, this approach would lower the
amount of hops and pathloss across the sensors and the BS.
However, implementing this approach would complicate the
hardware design and make it difficult to integrate with the
existing communication protocols.

B. Motivation and contribution

The previous works discussed the application of NOMA to
meet the growing demands for higher data rates, improved
spectral efficiency, and enhanced network performance. They
demonstrated significant potential in enhancing spectral ef-
ficiency, especially in networks supported by passive RISs.
Despite these advantages, passive RISs inherently suffer from
a double-path loss effect, which can limit their overall effec-
tiveness. The study in [R1] has explored the use of active
RIS to mitigate this double-path loss, showing promising
improvements in performance. However, the integration of
active RIS with NOMA remains under-explored, presenting an
opportunity for further research to uncover potential benefits
and optimizations. Moreover, the use of MIMO technology
to perform ISAC in HetNets has not been thoroughly inves-
tigated. Moreover, to demonstrate the performance improve-
ments brought by active RISs in HetNets, we develop an
analytical framework using stochastic geometry specifically
designed for MIMO systems. The novel contributions of this
paper are:

• For downlink transmissions, we construct an analytical
framework for MIMO HetNets employing RIS-aided
NOMA-ISAC. This framework is based on stochastic
geometry and assumes an independent homogeneous
Poisson point process (PPP) for the distributions of base
stations (BSs) and IoT user equipments (UEs). This
framework uses active RISs to support the typical UE
experiencing blockage.

• Approximated outage probability equations are derived
for two distinct scenarios. Firstly, we consider that the
link between the typical UE and the specified BS is
blocked. In this instance, the typical user is served by

the nearest RIS. Secondly, we explore a scenario with
the BS serving the blocked user directly. In this instance,
the typical user is served by the nearest BS.

• We conduct an extensive outage study on the typical
user in the context of RIS-NOMA and RIS-OMA. Our
results reveal that the outage probability in RIS-NOMA
achieved improved performance than RIS-OMA. Addi-
tionally, there is enhancement in the outage performance
of RIS-NOMA with a rise in the reconfigurable elements.
Moreover, a practical case of imperfect successive inter-
ference cancellation (i-SIC) is considered at the receiver,
making our system model more realistic.

• We derive asymptotic expressions for the outage prob-
ability of the typical user in the proposed RIS-NOMA
networks. The asymptotic outage probability expressions
provide insights into the diversity order.

• We assess the RIS-NOMA system throughput in the
delay-limited mode. RIS-NOMA is shown to have a
higher system throughput than RIS-OMA. Furthermore,
the equations of ergodic rates are also derived.

• The sensing performance of RIS-NOMA in HetNets is
characterized by calculating the BS received signal-to-
interference-and-noise ratio (SINR) for sensing perfor-
mance. The BS received SINR is plotted against trans-
mit signal-to-noise ratio (SNR), which provides useful
insights into the system behaviour under various transmit
SNR conditions. The beampatern is also evaluated in
the direction of the target. It is shown that increasing
the quantity of reflecting elements in the active RIS can
improve performance and lead to a smaller beam.

C. Paper organization

The structure of this paper is outlined as: Section II de-
scribes the system model. Section III is dedicated to deriving
analytical outage probability expressions. Section IV derives
analytical expressions of the ergodic rate. The beampattern
analysis is provided in Section V. Section VI discusses the
analytical as well as simulation results. Lastly, Section VII
summarizes the key conclusions drawn from this study.

Notation: Bold small and capital letters signify vectors and
matrices, respectively. The transpose and conjugate transpose
operations are represented as (·)T and (·)H , respectively. ∥ · ∥
and | · | represent the norm and absolute value operations,
respectively. The expressions Tr(B) and diag(B) indicate the
trace of the matrix B and the diagonal elements in a vector,
respectively. The term CN (0, σ2) refers to a complex circu-
larly symmetric Gaussian random variable with zero mean
and variance σ2. CA×B represents A× B complex matrices.
E[·] represents the expectation operator. Additionally, MA×B

denotes the matrix of dimension A × B. IN represents the
N ×N identity matrix. Pr[E ] denotes probability of occurring
event E .

II. SYSTEM MODEL

We consider a two-tier downlink HetNet consisting of MBS
and SBS as depicted in Fig. 1. Location of the BSs is based
upon the independent homogeneous PPP denoted as Ωt with
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density λt such that t ∈ {m, s}, for MBS-tier and SBS-tier,
respectively. The IoT UEs and targets are also distributed
according to the PPP distribution denoted as Ωu and Ωt,
respectively. It is considered that the BS of the t-th tier
supports K-users on a single time-frequency resource block
while sensing T-targets. The BS of the t-th tier consists of Mt

transmit antennas and Nr receive antennas. It is considered
that the RIS are at a fixed location from the BS. The users
are also equipped with Ur receive antennas. It is assumed that
Ur ≥ Mt this is because the future 6G networks will feature
ultra-dense deployments of SBS, employing low-cost and low-
power SBS [57]. Consequently, it is highly probable that such
inexpensive SBSs will possess an equal or fewer number of
antennas compared to the number of handsets to be served,
especially considering the rapid advancement of capabilities
in smartphones, tablets, and IoT devices. Cloud radio access
networks exemplify another 6G application of the proposed
approach, where users are served by a limited number of cost-
effective remote radio heads to minimize fronthaul overhead.
Additionally, the proposed approach can find application in
IoT scenarios, such as smart homes, where the performance
of a home BS mirrors that of laptops and other digital devices.

The calculation is conducted for a standard user randomly
selected from Φu, by relocating the origin to the typical user’s
location. The designated BS that connects with this user is
referred to as tagged BS. Specifically, to improve spectral
efficiency, the BSs are enabled with NOMA, wherein the mul-
tiple UEs are grouped together and served in each orthogonal
resource block. Every BS operates with open access, meaning
a UE can attach to the BS based on the maximum power-based
association scheme [58]. In the proposed work, a time-division
approach is implemented to separate the S&C operations [40].
Specifically, the communication signal is transmitted during
designated communication time slots, while the sensing signal
is transmitted during separate sensing time slots.

A. Channel Model

1) Small-Scale Fading: It is considered that there is an
absence of line-of-sight (LoS) between the BS-user link, hence
the small-scale fading is considered to be Rayleigh-distributed.
Wk represents the channel matrix of Ur×Mt dimension from
BS to k-th user.

As line-of-sight connections are anticipated for the
BS→RIS link and the RIS→UE link, the channels are char-
acterized by Nakagami-m fading channels. BS→RIS channels
are represented by Hk, an R × Mt matrix with the shape
parameter as m1. These gains correspond to the connection
between the BS transmit antenna in the t-th tier and the r-th
element of its associated RIS. The model for these channels
is expressed as

Hk =

h1,1 · · · h1,Mt

... · · ·
...

hR,1 · · · hR,Mt

 . (1)

The individual components of the fading is defined as hr,n ∼
Nakagami(m1, 1).

The small-scale fading matrix between the RISs and user
UEk is denoted as Gk is (Ur×R) matrix which also signifies
Nakagami-m channel with the fading parameter m2 governing
the link between r-th element of designated RIS and u-th
antenna of the UEk. Similarly, as (7), the channel matrix for
the RIS-user link is represented as

Gk =

 g1,1 · · · g1,R
... · · ·

...
gUr,1 · · · gUr,R

 . (2)

The individual components of the fading is defined as gk,r ∼
Nakagami(m2, 1).

2) Large-scale path-loss: In scenarios where the dimen-
sions of RIS elements are of a comparable scale with the
wavelength, typically achieved by setting the length of RIS
components to 1/4 of the wavelength, these surfaces are
regarded as diffuse scatterers, as discussed in [59]. Conse-
quently, the path loss between BS at the t-th tier and the UEk

be represented as:

Lt,k =∥ rt,k ∥−αt , (3)

Lt,r,k =∥ rt,r ∥−αt∥ rr,k ∥−αt , (4)

where Lt,k represents the path loss between the t-th tier
BS and the UEk, while Lt,r,k denotes the path loss be-
tween t-th tier BS and UE through the RIS. Distances for
BS-UEk, BS-RIS, and RIS-UEk links are denoted by rt,k,
rt,r, and rr,k, respectively. The phase-shift matrix Φ =√
Λdiag([ejθ1 , . . . , ejθr , . . . , ejθR ]) is introduced, following

the notation from [60]. Here, θr ∈ [0, 2π) denotes the phase
shift of the r-th element of the designated RIS. Λ represents
the reflection amplification coefficient of active RIS. Each
RIS is under the control of a dedicated controller, and these
controllers can be interconnected, potentially through a wired
backhaul, to synchronize phase-shift configuration across the
system. Thanks to the electromagnetic scattering concept,
every element reflects and amplifies the incoming RF signal
with tunable amplitude and phase. As a result, active RIS is
able to obtain a reflection amplification coefficient higher than
one, i.e., Λ > 1 [45]. Actually, the incident signal can be
amplified by a negative resistive device, such as a tunnel diode,
which transforms the direct current bias into RF power.

B. Passive Beamforming Designs

The analysis is performed for a BS of t-th tier located at to.
We begin by focusing on the signal model, where the signal
vector at the BS, with dimensions Mt × 1, is expressed as
st = [a1s1, · · · , aMt

sMt
]
T , where ak is the power allocation

coefficient for UEk, such that
∑Mt

k=1 a
2
k = 1. sk is the

symbol corresponding to UEk. The users are grouped based
on the channel state information as in [61], and [62]. The
channel gains are ordered as Lt0,r,1|hH

r,1Θrht0,r|2 ≤ · · · ≤
Lt0,r,k|hH

r,kΘrht0,r|2 ≤ · · · ≤ Lt0,r,K |hH
r,KΘrht0,r|2, their

corresponding power allocation coefficients are ordered as a1≥
· · · ≥ak≥ · · · ≥ aK . Therefore, the receiver starts decoding
the strongest signal and progressively cancels out interference
from weaker signals based on their channel state information.
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Fig. 1: Overview of the proposed system model comprising of MBS and SBS tier.

1) Communication from BS via RIS: While ensuring gen-
erality, we centre our focus on UEk. The received signal from
the designated BS and the RIS is expressed as

yk =
√

ΛLt0,r,kHkΘGkD
√
Ptst0(t)

+
∑

t∈Φt\t0
t∈{m,s}

√
PtLt,kWt,kDtst

︸ ︷︷ ︸
interference from other BSs

+nk, (5)

where Pt is the power transmitted by the BS of the t-th tier, and∑
t∈Φt\t0
t∈{m,s}

√
PtLt,kWt,kst is the aggregate interference from

MBS-tier and SBS-tier, the channel matrix Wt,k captures the
overall channel effects, which encompass both direct paths
and the signals reflected off the RIS. Also, Θ = 1√

Λ
Φ,

D represents the precoding matrix of the tagged BS, Dt

represents the precoding matrix from the other tier BS, and
nk is the zero mean additive white Gaussian noise (AWGN)
vector at the UEk whose covariance matrix follows σ2

kIUr .
In general, a decision vector uk is employed by the UEk to

detect the received signal. The processed signal is written as

uH
kyk =

√
ΛLt0,r,kuH

kHkΘrGkD
√
Ptst0(t)

+
∑

t∈Φt\t0
t∈{m,s}

√
PtLtuH

kWt,kDtst

︸ ︷︷ ︸
interference from other BSs

+uH
knk, (6)

where uk is a Ur × 1 decision vector. Based on (6), the SINR
at the user for the UEk to detect the signal of UEj is written
in (15) and the SINR the user for the UEk to detect its own
signal is written in (16). However, to establish a comprehensive
framework for further analysis, we make the assumption that
the active beamforming weights at the BS follow D = IMt

[63]. The precoding matrix of other tiers BS Dt can also be
defined in a similar way. The identification vector for UEk can
be represented as an R×1 vector filled with all ones, denoted

as uH
k = [1 · · · 1]. Next, we follow the passive beamforming

design of [59] to minimize the interference at the receivers
and write the SINR equations at the user k. From [59] the
channel gain of UEk is

h̃k =


R∑

r=1
|h1,r||gr,n|

...
R∑

r=1
|hUr,r||gr,n|

 . (7)

The users’ detection vectors are developed to i) reduce interfer-
ence, and ii) function effectively under both RIS and non-RIS
conditions. In the RIS situation, since the BS-user links are
prohibited, the channel matrix of the user k can be translated
to a Ur ×Mt matrix, stated as

Ĥk = HkΘG. (8)

Consequently, the subsequent condition needs to be satisfied:

uH
k Ĥkdi = 0, (9)

for any i ̸= k. Because the active beamforming weights
are components of an identity matrix, the aforementioned
condition in (9) is converted as

uH
k ĥi = 0, (10)

where ĥi represents the i-th column of matrix Ĥk in (8).
Hence, based on the zero-forcing design, the k-th column of
Ĥk can be eliminated. This leads to

H̃k =
[
ĥ1 . . . ĥk−1ĥk+1 . . . ĥMt

]
, (11)

where H̃k contains Ur×(Mt−1) elements. Thus the condition
in (9) is given as

uH
k H̃k = 0. (12)
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Hence, we get the detection vector of the k-th user from the
null space of H̃k, which is given as

uk = Qkzk, (13)

where Qk represents the left singular matrix of H̃k. Subse-
quently, we apply the traditional maximal ratio combining
(MRC) technique, yielding zk as follows

zk =
QH

k ĥk

|QH
k ĥk|

. (14)

To guarantee the presence of the left singular vector in
(11), the number of transmit antennas must be smaller than
the number of receive antennas, i.e. Ur ≥ Mt. In other
cases, there is no feasible solution. Active beamformers with
higher power and complexity can lower the need for several
receive antennas. (15) provides the SINR of UEk to detect
UEj applying the proposed active beamforming and detection
vectors. Furthermore, the SINR of user k to detect its own
signal is given in (16). It is observed that

|uH
k |2 =

(
|QkQH

k |2

|QH
k |

)2

= |QH
k |2, (17)

and

|uH
khk|2 =

(
|QkQH

kh2
k|2

|QH
k |

)2

= |hkQH
k |2. (18)

Based on (7) and observing that QH
kQk = IT in (17) with

T = Ur −Mt + 1, the UEk channel gain is given as [64]

hk =


R∑

r=1
|h1,r||gr,n|

...
R∑

r=1
|hT,r||gr,n|

 . (19)

Thus, the SINR expressions of (15) and (16) be rewritten as

γk→j =

∥ hk ∥2 ΛLt0,r,kPtaj

∥ hk ∥2 ΛLt0,r,kPt

K∑
i=j+1

ai + εPt|hI |2 + I+ ∥ IT ∥2 σ2
k

,

(20)
γk→k =

∥ hk ∥2 ΛLt0,r,kPtak

∥ hk ∥2 ΛLt0,r,kPt

K∑
i=k+1

ai + ε̂Pt|ĥI |2 + I+ ∥ IT ∥2 σ2
k

,

(21)

where γk→j = SINRk→j and γk→k = SINRk→k, I =∑
t∈Φt\t0
t∈{m,s}

PtLt,k|uH
kwk|2 and ε=ε̂ = 1 represents the im-

perfect SIC case such that hI = ĥI ∼ CN (0, σ2
I ). With

careful design of the detection vector, the MIMO system can
be reduced into a simple single-input single-output (SISO)
case where the use of SIC yields the optimal performance [63].
It is to be noted that the BS needs to know the order of the
users’ effective channel gain to implement NOMA. However,

the SIC may not be perfect, and a residual interference term
exists due to imperfect SIC in the SINR expression.

The direct link BS-UEk are considered in the absence of
RIS, and the small-scale fading matrix of these links follows
the Rayleigh fading channel model, as depicted below

Wk =

 w1,1 · · · w1,Mt

... · · ·
...

wUr,1 · · · wUr,Mt

 (22)

where Wk is a Ur ×Mt matrix. Again, by applying (9) to
(21), the beamforming weights and detection vectors can be
determined for non-RIS case. The user k channel gain for
direct transmission is given as

wk =


Mt∑
t=1

|w1,t|
...

Mt∑
r=1

|wT,t|

 (23)

where T = Ur −Mt +1. Thus, the SINR of user k for direct
transmission case can be expressed as

γk→j =
∥ wk ∥2 ΛLt0,kPtaj

∥ wk ∥2 ΛLt0,kPt

K∑
i=j+1

ai + εPt|hI |2 + I+ ∥ IT ∥2 σ2
k

(24)

γk→k =
∥ wk ∥2 ΛLt0,kPtak

∥ wk ∥2 ΛLt0,kPt

K∑
i=k+1

ai + ε̂Pt|ĥI |2 + I+ ∥ IT ∥2 σ2
k

,

(25)

C. SINR at sensing channels
Since all prospective targets are in the BS’s NLoS zones,

there are no LoS links that can be used to do target sensing.
However, the sensing can be performed by the RIS’s reflection-
LoS links. The sensing signal is defined as

x = Wrsr (26)

where s ∈ CMt×1 represents the transmit symbol, Wr =
[wr,1,wr,2, ·,wr,Mt

] represents the beamforming matrices for
target sensing. Pseudo-random coding is used to obtain the
sensing signal, such that E[sr] = 0 and E[srsH

r ] = IMt
[65].

Thus, the sensing signal covariance matrix is written as

R = E[xxH] = WrW
H
r (27)

The channel of BS-RIS link Hk, is determined by the direction
of arrival (DoA) of the RIS ψ2 and the angles-of-departure
(AoD) of the BS ψ1, which is expressed as

Hk = r2(ψ2)rH1 (ψ1) (28)

Vectors r1(ψ1) and r2(ψ2) are, respectively, the array response
vectors of the BS and the RIS. They are mathematically
defined as

r1(ψ1) =
[
1, e−j2πdb

sin(ψ1)
λ , . . . , e−j2πdb(Mt−1)

sin(ψ1)
λ

]T
,

r2(ψ2) =
[
1, e−j2πdr

sin(ψ2)
λ , . . . , e−j2πdr(R−1)

sin(ψ2)
λ

]T
,

(29)



7

γk→j =

∣∣∣∣uH
khk

∣∣∣∣2ΛLt0,r,kPtaj∣∣∣∣uH
khk

∣∣∣∣2ΛLt0,r,kPt

K∑
i=j+1

ai +
∑

t∈Φt\t0
t∈{m,s}

PtLt,k|uH
kwk|2 + |uH

k |2σ2
k

. (15)

γk→k =

∣∣∣∣uH
khk

∣∣∣∣2ΛLt0,r,kPtak∣∣∣∣uH
khk

∣∣∣∣2ΛLt0,r,kPt

K∑
i=k+1

ai +
∑

t∈Φt\t0
t∈{m,s}

PtLt,k|uH
kwk|2 + |uH

k |2σ2
k

. (16)

where λ is carrier wavelength, db and dr are the separation
between the BS’s antennas and the adjacent reflecting compo-
nents of RIS, respectively. For analysis, we set db = dr = λ

2 .
Considering the limited spatial extent of the target, the incident
signal is solely reflected by the point target. Thus, the target
response matrix between the RIS and the target can be denoted
as A = r3(ψ3)rH

3 (ψ3) ∈ CR×R, where ψ3 is the DoA w.r.t. the
active RIS, and the steering vector r3(ψ3) is defined similarly
as those in (29).

In sensing, the echo reflected back at the BS includes
both thermal noise generated by the active RIS and the
message transmitted over the target-RIS-BS link. Since the
reflected echo from the BS-RIS-BS link does not contain any
information about the target, it can be regarded as interference
in target detection. Therefore, the received sensing signal at
the BS can be depicted as

yb =Hh
kΦ

HAΦHx + Hh
kΦ

HAΦn1

+ HH
kΦn1 + HH

kΦ
Hn2 + ηHH

kΦHkx + nt, (30)

where where η ∈ [0, 1] represents the ability to cancel
self interference. η = 0 is for the case with perfect self-
interference cancellation, whereas η = 1 indicates no interfer-
ence cancellation. nt represents AWGN at BS, which follows
nt ∼ CN (0, σ2IMt

) with the noise power of σ2. Defining B ≜
HH

kΦ
HAΦHk ∈ CMt×Mt and C ≜ HH

kΦ
HAΦ ∈ CMt×R, the

sensing SINR is written [51] as

γs = Tr(BRBHJ−1). (31)

The interference-plus-noise covariance matrix J is given by

J = D + EREH, (32)

where D = σ2(HH
kΦΦHAHk+HH

kΦ
HAΦΦHHk)+σ

2CCH+
2σ2HHΦHΦH + σ2IMt

is the equivalent noise covariance
matrix and E = ηHH

kΦHk.

D. Association Criteria

The nearest association criterion [66] for the typical UEk

is considered in this section. In particular, the typical UEk

connects to its closest BS for a direct transmission case, and
the typical user chooses the nearest RIS when there is a
blockage between UEk and the tagged BS. The probability
density function (PDF) of the distances is written as

ft,k(r) = 2πλtr exp(−πλtr2), (33)

and

fr,k(r) = 2πλRr exp(−πλRr2), (34)

where λt is the density of BS of t-th tier and λR is the density
of RIS. The RIS is considered to be at a known location from
the BSs across all tiers.

III. PERFORMANCE ANALYSIS

Lemma 1: Assuming that the elements in Gk and Hk are
i.i.d. with m1 ̸= m2 respectively, and that the R RIS elements
simultaneously serve K users with R ≥ Ur ≥ Mt. The PDF
of the effective channel gain at UEk in the high-SNR regime
is given by

f|hk|2(x) =
mR

2miR
x2miR−1e−2

√
mimxx, (35)

where mi=min{m1,m2}, mx=max{m1,m2}, and m=√
π4mi−mx+1(mimx)

miΓ(2mi)Γ(2mx−2mi)
Γ(miΓ(mx)Γ(mi+mx+0.5) . The cumulative dis-

tribution function (CDF) of the effective channel gain can be
expressed as

F|hk|2(x) =
mR (4mimx)

−miR

Γ(2miR)
γ (2miR, 2

√
mimxx) .

(36)

Proof: Please see Appendix A.

A. Outage Probability of blocked user

The SIC is implemented at the k-th user. This entails
decoding and removing the information pertaining to the j-
th user such that (k ≥ j ≥ 1) before proceeding to detect its
own signal. An outage event is indicated when the k-th user
fails to detect the j-th user, denoted by

Ek→j =
{
γk→j < γthk

}
(37)

where γthk = 2Rk,j − 1 with Rk,j being the target data rate
at the k-th user. The outage probability of the k-th user for
RIS-NOMA networks is provided in the subsequent theorem.
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Theorem 2: The outage probability of the UEk under the
composite fading for the RIS-assisted MIMO-NOMA HetNet
is given by

P k
out =

π2λRm
R (4mimx)

−miR

NΓ(2miR)

∞∫
0

N∑
n=1

√
1− ϕ2i

(ϕi + 1)Yt

2

× γ

(
2miR, 2

√
mimx

Υ∗
k(I + 1)

TΛ(rt,r)−α

(
(ϕi + 1)Yt

2

)α)
× exp

(
−πλR

(
(ϕi + 1)Yt

2

)2
)
wmI−1e−mIw

Γ(mI)
dw

(38)

where ϕi = cos
(
2i−1
2N

)
, and N is the complex accuracy trade-

off parameter for the G-C quadrature [67].

Proof: Please see Appendix B.

B. Outage probability of user with direct transmission

Now, we will evaluate the outage probability for the scenario
where UEk receives signal directly from the BS.

Theorem 3: The outage probability of the UEk under Rician
fading for the RIS-NOMA HetNet which receives the signal
only from the nearest BS is given by

P̂ k
out ≈

π2Y2
sλt

2NΓ(T )

∞∫
0

N∑
n=1

√
1− ϕ2i (ϕi + 1)×

γ

(
T,

Υ∗
k(I + 1)

TΛ

(
(ϕi + 1)Yt

2

)α)
×

exp

(
−πλR

(
(ϕi + 1)Yt

2

)2
)
wmI−1e−mIw

Γ(mI)
dw. (39)

Proof: Please see Appendix C.

C. Diversity Order

The diversity order is evaluated to improve comprehension
to distinguish the outage patterns in RIS-NOMA enabled Het-
Net. This performance metric has the potential to demonstrate
the rate at which the likelihood of an outage reduces with the
SNR [68]. Stated differently, a higher diversity order denotes a
faster decaying rate of decrease in the likelihood of an outage
and a stronger resistance to fading. The diversity order is
described as:

D = − lim
ρ→∞

logP k
out,asym

log ρ
, (40)

where P k
out,asym denotes the asymptotic outage probability

when ρ → ∞. Initially, we obtain an estimated asymptotic
outage probability for the scenario where a UEk is served by
the BS and the RIS, leading to its association with the nearest
BS. The asymptotic outage probability for UEk is presented
in the subsequent corollary.

Corollary 1: The asymptotic outage probability for the
scenario where the link between UEk and BS is blocked and
UEk is served by the RIS, leading to its association with the

nearest RIS. The outage probability of UEk for this scenario
is

P k
out =

π2λRm
R (4mimx)

−miR

NΓ(2miR)

N∑
n=1

√
1− ϕ2i

(ϕi + 1)Yt

2

×
(
2
√
mimx

Υ∗
k(I + 1)

TΛ(rt,r)−α

(
(ϕi + 1)Yt

2

)α)2miR

×
∞∑
s=0

−
(

2
√
mimx

s!(2miR+ s)

Υ∗
k(I + 1)

TΛ(rt,r)−α

(
(ϕi + 1)Yt

2

)α)s

× exp

(
−πλR

(
(ϕi + 1)Yt

2

)2
)

(41)

Proof: Please see Appendix D.
Remark 1: By substituting (41) into (40), D = 2miR, which

depends upon quantity of RIS elements R and the dominant
LoS link between BS-RIS and RIS-UEk.

Corollary 2: The asymptotic outage probability for the
direct transmission scenario between UEk and BS is evaluated
following similar steps as used in (41), the asymptotic outage
probability of UEk for this scenario is given as

P̂ k
out ≈

π2Y2
sλt

2NΓ(T )

N∑
n=1

√
1− ϕ2i (ϕi + 1)

×
(
Υ∗

k(I + 1)

TΛ

(
(ϕi + 1)Yt

2

)α)T

×
∞∑
s=0

−
(

Υ∗
k(I + 1)

s!(2miR+ s)

(
(ϕi + 1)Yt

2

)α)s

× exp

(
−πλR

(
(ϕi + 1)Yt

2

)2
)
. (42)

Remark 2: By substituting (42) into (40), D = T, aligning
with the number of independent channels exists between the
BS and UEk.

D. Delay Limited (DL) System Throughput

In the scenarios involving DL transmission, the system
throughput is determined by calculating the outage probability
at a fixed rate, denoted by Ri. Consequently, the throughput
of the DL system in RIS-NOMA-assisted HetNet over Rician
fading channels is described as

Tsys =

K∑
i=1

(1− P i
out)Ri, (43)

where P i
out is the outage probability at the ith NOMA user.

IV. ERGODIC RATE

This section describes the ergodic rate of a UEk for RIS-
NOMA networks on the assumption that a typical user can ac-
curately determine user information by using the SIC method.
The ergodic rate of UEk is described as

Ek
rg = E [log (1 + SINRk→k)] . (44)
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Ek
rg =

1

ln 2

∞∫
0

1

(1 + x)

(
1−π

2λRm
R (4mimx)

−miR

NΓ(2miR)

∞∫
0

N∑
n=1

γ

(
2miR, 2

√
mimx

Υ∗
k(I + ε̂Ptw + 1)

TΛ(rt,r)−α

(
(ϕi + 1)Yt

2

)α)

×
√

1− ϕ2i
(ϕi + 1)Yt

2
exp

(
−πλR

(
(ϕi + 1)Yt

2

)2
)
wmI−1e−mIw

Γ(mI)
dw

)
dx. (45)

Theorem 4: The ergodic rate of blocked user UEk served via
active RIS in a MIMO HetNet is given by (45) as shown on
the top of the next page.

Proof: Substituting the expression of γk→k from (21) after
considering X= |hk|2 we get

Ek
rg=E

[
log

(
1+

XΛLt0,r,kPtak

XΛLt0,r,kPt

K∑
i=k+1

ai + I + ε̂Pt|ĥI |2+ ∥ IT ∥2 σ2
k︸ ︷︷ ︸

X2

)]

=
1

ln 2

∫ ∞

0

1− FX2
(x)

1 + x
dx. (46)

Substituting the CDF of FX2(x), which is nothing but the
outage probability evaluated at γth = x, from (B.3) and
substituting the PDF of |ĥI |2. The ergodic rate is expressed
in (47) as shown on the top of the next page.

Theorem 5: The ergodic rate for the scenario where the BS
serves UEk in a HetNet directly is given by (47).

Proof: Substituting the expression of γk→k from (25) after
considering X= |wk|2 we get

Ek
rg=E

[
log

(
1+

XΛLt0,kPtak

XΛLt0,kPt

K∑
i=k+1

ai + I + ε̂Pt|ĥI |2+ ∥ IT ∥2 σ2
k︸ ︷︷ ︸

X3

)]

=
1

ln 2

∫ ∞

0

1− FX3
(x)

1 + x
dx (48)

Substituting the CDF of FX3
(x), which is nothing but the

outage probability evaluated at γth = x, from (C.4) and
substituting the PDF of |ĥI |2. The ergodic rate is expressed
in (45).

V. BEAMPATTERN ANALYSIS

The beampattern gain from the active RIS towards angle ψ
is defined as

B(ψ) ≜ E
(
|rH

3 (ψ)ΦHkx|2
)

= rH
3 (ψ)ΦHRHH

kΦ
Hr3(ψ). (49)

TABLE I: SIMULATION PARAMETERS

Parameters Symbols Value
BS transmission power Pt 40 W [69]
BS density, RIS density, UE density λt, λR,

λu

2km−2,
10km−2,
20km−2 [70]

Power allocation coefficients for NOMA ak 0.7, 0.3 [70]
Coverage radius of BS Rm 1000 m [6]
Path loss exponent αt 4 [71]
Distance between BS and RIS rt0,r 50m [65]
Target data rate Rcc, Rce 0.5 bps, 0.5 bps
Complexity accuracy parameter N,L 10 [69], [71]
Noise power σ2

k , σ2
t -174+10log(BW)

[72]
Bandwidth BW 1000MHz [72]
RIS amplification coefficient Λ 5 [72]
Transmit and Receive BS antennas Mt and

Nr

2 and 2 [59]

Receive user antennas Ur 3 [59]

VI. RESULTS AND DISCUSSIONS

This section showcases numerical findings derived from our
investigation into the performance of the proposed MIMO-RIS
HetNet we proposed. Monte Carlo simulations validate the
precision of our analytical findings. For simulations, without
the loss of generality, we consider the number of UEk as K =
2. One of the blocked UEs is assumed to be served directly
by the BS at the t-th tier and is known as the cell-edge user
(CEU). The other blocked user is served with the help of RIS
and is termed as the cell-edge user (CCU).

A. Outage Probability

Fig. 2 plots the outage probability of NOMA HetNets versus
the SNR with setting to be m1 = 2, m2 = 1, mI = 1,
for different number of RIS elements R. The target rates for
the CCU and CEU are Rcc = 0.5 and Rce = 0.5 BPCU,
respectively. (38) and (39) are used for plotting the outage
probability for CCU and CEU, respectively. The corresponding
power allocation coefficients are a1 = 0.7 and a2 = 0.3 for
the CEU and the CCU, respectively. The path loss factor α =
4. The curves obtained through numerical simulations closely
align with the expressions obtained in the preceding sections.
Increasing the number of RIS elements improves channel gain,
resulting in an improved outage probability. The red and blue
curves, and the results of equation (41) and (42) indicate that
as the number of RIS elements increases from R = 1, 2, and 3
the diversity order improved to 2, 4, and 6, respectively. This
indicates that increasing the number of RIS elements reduces
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Ek
rg =

1

ln 2

∞∫
0

1

(1 + x)

(
1− π2Y2

sλt
2NΓ(T )

∞∫
0

N∑
n=1

√
1− ϕ2i (ϕi + 1)γ

(
T,

Υ∗
k(I + ε̂Ptw + 1)

TΛ

(
(ϕi + 1)Yt

2

)α)
×

exp

(
−πλR

(
(ϕi + 1)Yt

2

)2
)
wmI−1e−mIw

Γ(mI)
dw

)
dx. (47)
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the outage probability because the increased diversity order
improves the channel. The inclination of the curves increases
with the addition of RIS elements, supporting Remark 1 and
Remark 2. The dashed green curves represent the asymptotic
results. There is a significant gap between the asymptotic and
analytical results because the asymptotic results are derived
at high SNR. However, in the high-SNR regime, there is a
close agreement between the asymptotic and analytical results.
Furthermore, the proposed system with i-SIC achieves a higher
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Fig. 4: Active RIS versus passive RIS comparison in terms of
outage probability of users with transmit SNR.

outage probability than the perfect SIC case. This is due to the
residual interference from i-SIC, which degrades the SINR.

Fig. 3 plots the outage probability of MIMO HetNets versus
the SNR. The solid lines represent the outage probability of
MIMO NOMA HetNet, and the dotted curves are for MIMO
OMA. In the case of MIMO OMA, the transmission is divided
into two equal phases. One is for the transmission to CCU,
and the other is for the transmission to the CEU. The power
is equally allocated to the CCU and the CEU for MIMO
OMA. Notably, the outage performance of users employing
NOMA surpasses that of RIS-OMA. This performance gain
is due to NOMA’s ability to enhance fairness when serving
multiple users simultaneously compared to OMA. The outage
characteristics of the CCU are better than those of the CEU
in RIS-NOMA networks. This results from the evidence that
the CCU achieves an improved diversity order than the CEU.
Furthermore, i-SIC increases the outage probability compared
to the ideal case due to residual interference and signal
distortions affecting the overall system performance.

In Fig. 4, the outage probability of MIMO RIS HetNets is
depicted by considering both active as well as passive RIS.
Blue and red colours displayed the outage probability for the
CEU and CCU for active RIS scenarios. Cyan and magenta
colours displayed the outage probability for the CEU and
CCU for the passive RIS scenario. The green dashes show
the asymptotic outage probability expressions from (41) and
(42). The outage performance of active RIS-NOMA surpasses
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Fig. 5: Outage probability of users with transmit SNR for
different values of target rates.

that of passive RIS-NOMA due to its enhanced reflection gain.
Active RIS serves to amplify signals reflected back to users
despite introducing amplified noise. The asymptotic curves
closely match with the analytical expressions at high transmit
SNR.

Fig. 5 illustrates the outage probability of RIS-NOMA
networks across various SNR values, considering different
target rates. A notable observation is that increasing target rates
lead to higher outage probabilities in RIS-NOMA networks.
This outcome is attributed to the direct correlation between
achievable rates and target SNRs. It is shown that decoding
the superposed signals becomes more advantageous for user
pairings with smaller target SNRs. This proves to be beneficial
for pairing users with weaker signal conditions in RIS-NOMA
networks.

B. Ergodic Rate

In Fig. 6, the ergodic rates are graphed against SNR. The
solid lines represent the ergodic rates of CCU in RIS-NOMA
networks, while the dashed curves depict CEU rates for RIS-
NOMA HetNets. These curves are generated using (45) and
(47), respectively. The ergodic rate of UEk served by both the
BS and RIS is obtained using simulation. Furthermore, it is
evident that, the CCU exhibit higher ergodic rates compared
to the CEU. As the number of RIS elements R increases, the
gap between the ergodic rate becomes smaller. Therefore, it
is essential to consider the trade-off between the quantity of
reflection elements in active RIS and the ergodic performance.

C. System Throughput

The system throughput for RIS-NOMA networks operating
in the DL transmission is shown versus transmit SNR in
Fig. 7, with Rcc = 1.5, Rce = 1 BPCU. The curves are
depicted based on equation (43). The figure reveals that, at
high SNRs, the system throughput of RIS-NOMA surpasses
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Fig. 7: System Throughput with transmit SNR for different
values of RIS elements R.

that of RIS-OMA. This superiority is attributed to the effect of
outage probability on the system throughput. As the quantity
of reflection elements increases, RIS-NOMA networks are
shown to be equipped with the ability to provide enhanced
throughput. This fact can be rationalized by the better outage
performance achieved for both the CCU and the CEU. Fur-
thermore, the quantity of RIS elements improves the spectral
efficiency. However, the improvement gradually decreases,
which is also evident from the ergodic rate, as discussed
previously. Furthermore, the active RIS attain throughput rates
faster than passive RIS systems for both NOMA and OMA
cases.

D. Received Sensing SINR at the BS

Based on (31) the received Sensing SINR vesus transmit
SNR Fig. 8 is obtained. For simulation the number of RIS
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Fig. 8: BS received SINR versus BS transmit SNR.

elements are considered as R=16 and the channel is consid-
ered as serial independent concatenated channels. The received
sensing SINR versus transmit SNR is a fundamental metric
for evaluating the performance of a sensing system. Fig. 8
depicts the relationship between the transmit SNR and the
received sensing SINR at the BS for different antennas. As
the transmit SNR increases, the received sensing SINR also
increases, indicating better detection performance, which is
expected as more power leads to better signal quality. At low
SNRs, the received SINR for NOMA is significantly lower
than OMA, indicating a strong influence of interference. As
SNR increases, the gap between NOMA and OMA narrows,
however OMA consistently outperforms NOMA. For appli-
cations requiring high SINR, OMA is preferable, especially
when high numbers of transmit antennas are feasible. NOMA
can still be effective, however requires advanced interference
management techniques to approach OMA performance levels.
Despite the lower SINR observed in NOMA for sensing,
NOMA offers better communication performance than OMA
due to its ability to serve multiple users simultaneously
with the same frequency-time resources. This makes NOMA
suitable for communication-centric ISAC systems, where the
primary focus is maximizing communication throughput while
maintaining adequate sensing capabilities. OMA is preferable
for applications requiring high SINR, especially when high
numbers of transmit antennas are feasible. The lower interfer-
ence in OMA systems makes them suitable for scenarios where
precise target sensing is critical. Furthermore, as the number
of antennas increases, the system can achieve high SINR at
lower transmit SNR levels. This means that for systems with
a large number of antennas, it is possible to maintain high
performance without the need for high transmit power, leading
to energy-efficient designs.

E. Beampattern

For the beampattern, it is assumed that the channels are
acknowledged and operate independently at both the BS and
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Fig. 9: Comparing the normalized sensor beampattern for
varying reflecting element R.

the RIS, we designate the angle from the BS to the RIS as
0°, and the target is assumed to be present between 10° to
30° from RIS. As seen in Fig. 9, increasing the quantity of
reflecting elements in the active RIS can improve performance
and lead to a smaller beam. However, this can result in greater
performance deterioration when the angle between the active
RIS and the target is incorrectly estimated, especially in high-
mobility scenarios.

VII. CONCLUSION

The manuscript comprehensively explored the novel appli-
cation of ISAC in active RIS-assisted NOMA-enabled MIMO
HetNets. The analytical system model has considered indepen-
dent homogeneous PPP for BSs, active RISs and UEs as IoT
nodes, which provides a robust foundation for the evaluation
of performance metrics in the downlink transmissions. The
BS supports simultaneous target S&C. The work derives
approximate expressions for the outage probability, ergodic
rates and system throughput for two distinct scenarios. One
involves the direct transmission from the BS to the typical
blocked user, and the other entails transmission via active
RIS. The practical case of i-SIC is considered at the receiver,
thereby making the proposed system model more realistic.
The numerical results demonstrate the efficacy of RIS-NOMA,
particularly when compared to RIS-OMA and conventional
communication systems. The study revealed that RIS-NOMA
outperforms RIS-OMA. Moreover, the dependence of out-
age performance on the number of RIS elements is also
highlighted. The analysis of the ergodic rate confirmed the
superiority of RIS-NOMA over RIS-OMA. The assessment
of system throughput in delay-limited mode further solidified
the advantages of RIS-NOMA, showcasing its higher through-
put compared to RIS-OMA. The ergodic rates and system
throughput increase with transmit SNR, gradually saturating
due to increased self-interference and multi-tier interference.
The sensing performance of RIS-NOMA in HetNets is char-
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acterized by calculating the beampatern in the direction of the
target.

APPENDIX A: PROOF OF LEMMA 1

With the elements of |Hk| and |Gk| being independent and
identically distributed (i.i.d.), as described in [73], the PDF of
the product of two Nakagami-m random variables is expressed
as

f|hk|2(x) =
4 (mimx)

mi+mx
2

Γ(mi)Γ(mx)
xmi+mx−1Imi−mx

(2
√
mimlx) ,

(A.1)

where Imi−mx(·) represents the modified Bessel function of
the second kind. Due to the complexity in calculating the
modified Bessel function of the second kind in (A.1), we
employ the Laplace transform of the PDF, which is expressed
as:

L|hk|2(s) = E
(
e−s∥hk∥2

)
=

4 (mimx)

Γ(mi)Γ(mx)
×∫ ∞

0

xmi+mx−1e−sxIts−tl (2
√
mimxx) dx. (A.2)

With the help of [74, eq. (6.621.3)], (A.2) is rewritten as

L|hk|2(s) = m (s+ 2
√
mimx)

−2mi ×

F

(
2mi,mi −mx +

1

2
;mi +mx +

1

2
;
s− 2

√
mimx

s+ 2
√
mimx

)
,

(A.3)

where m=
√
π4mi−mx+1(mimx)

miΓ(2mi)Γ(2mx−2mi)
Γ(miΓ(mx)Γ(mi+mx+0.5) , and

F (·, ·; ·; ·) represents hypergeometric series. We focus on the
high-SNR analysis, where s → ∞. Then, upon assuming
m1 ̸= m2, the Laplace transform is approximated as

L|hk|2(s) ≈ m (s+ 2
√
mimx)

−2mi . (A.4)

Since the reflected signals are i.i.d., the overall effective
channel gain can be given by

L|hk|2(s) ≈ mR (s+ 2
√
mimx)

−2miR . (A.5)

Utilizing the inverse Laplace transform for (A.5), we can
derive the PDF and CDF in the high-SNR regime, as presented
in (35) and (36), respectively, thereby concluding the proof.

APPENDIX B: PROOF OF THEOREM 1

From (37), the outage probability is rewritten as

P k
out = Pr[min(Ek→1, Ek→2, . . . , Ek→k)]. (B.1)

Then (B.1) be can rewritten as

P k
out = Pr

X <
Υ∗

k

TΛLt,r,k

I + ερt |hI |2︸︷︷︸
W

+1

 , (B.2)

where X = |hk|2, Υ∗
k = max{Υ1, . . . ,Υk}, Υk =

γthk

ρt(ak−γthk

Mt∑
i=k+1

ai)

such that am > γthk . Substituting for X

from (36) and the distance distribution from (34), the outage
probability is given by

P k
out =

2πλRm
R (4mimx)

−miR

Γ(2miR)
×

∞∫
0

Yt∫
0

γ

(
2miR, 2

√
mimx

Υ∗
k(I + ερtw + 1)

TΛ(rt,rr)−α

)
×

r exp(−πλRr2)fW (w)dzdr (B.3)

Substituting the PDF of the random variable W as Gamma
distributed with parameters (mI , mI ). In the computation
of the definite integral in the above equation, we utilize
the Gauss-Chebyshev (G-C) quadrature to approximate this
specific type of integral [75]. The result is approximated as in
(38).

APPENDIX C: PROOF OF THEOREM 2

From (24), the outage probability is rewritten as

P k
out = Pr

[
X <

Υ∗
k

TΛLt,k
(I + ερtw + 1)

]
, (C.1)

where X = |wk|2. The random variable X follows the chi-
square distribution, and thus the PDF is given by

fX(x) =
e−x

(Ur −Mt)!
xUr−Mt . (C.2)

Its CDF is given by

FX(x) =
γ(Ur −Mt + 1, x)

(Ur −Mt)!
=
γ(T, x)

Γ(T )
, (C.3)

where T = Ur − Mt + 1. Substituting the PDF of the
random variable W as Gamma distributed with parameters
(mI , mI ), substituting (C.3) and the PDF of the BS association
probability from (33) in (C.1), the outage probability is given
by

P k
out =

∞∫
0

Yt∫
0

γ

(
T,

Υ∗
k(I + ερtw + 1)

TΛ(r)−α

)
2πλtr×

exp(−πλtr2)
wmI−1e−mIw

Γ(mI)
dwdr. (C.4)

We utilise the G-C quadrature to approximate the definite
integral in the above equation. The result is presented in (39).

APPENDIX D: PROOF OF COROLLARY 1

To obtain the diversity of the system, we expand the
lower incomplete gamma function substituting from [74,
eq.(8.352.2)] into (38). The expression is shown in (D.1).
Substituting the exponent term by its power series expansion,
the outage probability can be written as in (41).
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γ

(
2miR, 2

√
mimx

Υ∗
k(I + 1)

TΛ(rt,r)−α

(
(ϕi + 1)Yt

2

)α)
=
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s=0

Γ[2miR]

Γ[2mimx + s+ 1]

(
2
√
mimxΥ

∗
k(I + 1)

TΛ(rt,r)−α

(
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2

)α
)2miR+s

× exp

(
−
(
2
√
mimx

Υ∗
k(I + 1)
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(
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2

)α))
, (D.1)
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